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History

Tic-tac geometry:
A theorem in full swing

When the French mathematician Michel Chasles expressed his ‘principle of correspondence’
in 1864, he claimed to have obtained a theorem from which one could derive a general and
systematic method for the effortless obtention of an infinity of geometrical propositions.
And yet, barely two decades later, this very theorem was widely regarded as a boring or
uninteresting result, whose teaching in universities might ingrain noxious mathematical
habits in the minds of young students. In this article, Nicolas Michel uses the principle
of correspondence as an example to show how different social contexts for the prac-
tice and teaching of science shaped different ways of valuing and measuring the worth

of a result.

Transient mathematics

Recent scholarship in the history and phi-
losophy of mathematics has done much to
dismantle what may be called the ‘cumu-
lative myth’. Per this myth, it is the very
nature of mathematical knowledge to mo-
notonously increase all through history.
Unlike the theories of the natural or social
sciences, bound to be eventually falsified
by some experiment and overtaken in
dramatic revolutionary episodes, mathe-
matical knowledge would supposedly be
on a quiet upward trajectory, provided we
ignore the ramblings of circle-squarers and
other such pathological contributions to
the perennial repository of theretofore se-
cured theorems.

This seductive narrative, however, has
now been breached from various angles.
In the 1970’s already, philosophers such
as Imre Lakatos forcefully argued that the
development of mathematical knowledge
is best described as a dialectical process
consisting of vague conjectures, informal

proof-strategies, and nagging refutations,
rather than a mere affair of axioms and
undisputable inferences [17]. In parallel,
many historical studies have shown that
mathematical theories too can die, wheth-
er we attribute that death to sociological
and external factors, scientific and internal
ones, or a combination of both. One classic
example is the theory of invariants studied
by the sociologist Charles Fisher: a very
active topic of research in the 1880’s and
1890’s, widely viewed as a promising pros-
pect for the unification of various branch-
es of mathematics, this theory had all but
faded away by the 1940’s. In his account
of this ‘death of a theory’, Fischer stresses
the importance of viewing mathematical
edifices not just as formal constructs, but
also social categories, constructed and cir-
culated by human and institutional agents.
More recently, Alma Steingart has analyzed
the ‘uninvention’ of the proof of the Clas-
sification Theorem for finite simple groups
in relation with the techniques of interper-

sonal communication and socialization em-
ployed by experts in this field. Further from
sociological methodologies, Henk Bos has
described the decline of the theory of the
construction of equations (that is to say,
the geometrical construction of line seg-
ments whose lengths equal the roots of
an equation) in the eighteenth century as
the result of the emergence of an analytical
and symbolic style [4,12,25].
Consequently, in recent years, many his-
torians have proposed framing the histor-
ical unfolding of mathematical knowledge
as a transformative rather than cumulative
phenomenon: instead of piling up theo-
rems, collectives of mathematicians are,
in this view, in the business of constantly
‘rewriting’ (and, sometimes, willfully mis-
interpreting) what their predecessors had
produced. Only in the rare instances when
such transformative processes cease (for
instance, when the need or desire to intro-
duce a theory into textbooks call for stable
and unified presentations) can a cumula-
tive picture of this messy historical devel-
opment float back to the surface, selective-
ly and retrospectively eliminating from its
fold unsuccessful attempts, forgotten tech-
niques, and abandoned perspectives. This
view has led to new and stimulating ac-
counts of important episodes in the history
of mathematics, such as the emergence of
the concept of a point on a Riemann sur-
face, the invention of the group-concept in
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the wake of Galois’s 1831 memoir on the
resolubility of equations, or the develop-
ment of Schwarz’s theory of distributions
[2, 11, 22].

In the following pages, | will highlight
some of the insights such approaches can
provide by retracing the short lifecycle of
a particular geometrical theorem. Over the
course of a couple of decades, the status
of this theorem went from that of a gen-
eral and systematic method for the effort-
less obtention of an infinity of geometrical
propositions to a boring and uninterest-
ing result whose unexamined teaching in
universities might lead to the ingraining
of bad mathematical habits. This down-
fall will demonstrate how different social
contexts for the practice and teaching of
science shaped different ways of valuing
and measuring the worth of this result, as
well as the importance of tacit, technical
‘know-how’ in the preservation or aban-
donment of a mathematical theory.

Chasles’s principle of correspondence

The theorem in question is called the ‘prin-
ciple of correspondence’. First expressed
in 1864 by the French geometer Michel
Chasles (1793-1880), this result was the
cornerstone of his ‘theory of characteris-
tics’, a method for the enumeration of all
conic sections in the plane that satisfy five
given (independent) conditions. Though
mostly forgotten today, this theory took Eu-
rope by storm in the 1860’s: for it, Chasles
was awarded the Copley Medal by the Roy-
al Society; and later on it served as the
basis for the development of Schubert’s
calculus and Hilbert’s 15th problem [2o0,
pp. 145-164, 228-233, 283-296].

Our starting point will be the notion of
construction as it was conceived and mobi-
lized by Chasles. As part of his attempt to
renew the methods of projective geometry,
Chasles had highlighted the importance of
the concept of the cross-ratio. In particular,
he had observed in 1855 that geometri-
cal constructions that yield a one-to-one
correspondence between the points of a
straight line preserve cross-ratio: this he
called ‘the principle of anharmonic corre-
spondence’ [8]. For instance, suppose that
from each point of a straight line L, we
draw the two tangents to a given circle.
Joining the two points of tangency, we get
another straight line, which will intersect L
at exactly one point. This is but one very
simple case of a (1,1)-correspondence be-

tween the points of L; and since duality
reigned supreme over all things (projec-
tively) geometrical, Chasles formed just as
many correspondences between the rays
that pass through a common point 7. What
Chasles discovered was that, in his day-to-
day geometrical practice, many such corre-
spondences naturally arose.

Geometrical constructions, here, encom-
pass a wide variety of techniques (such as
drawing a tangent, forming an intersection,
or using pole/polar constructions); the de-
limitation of which he never explicitly spelt
out. Whilst his constructions were always
based on real figures, Chasles counted as
valid some points and lines which cannot
be represented or drawn on an actual dia-
gram, such as points at infinity or pairs
of conjugate imaginary lines. However, no
transcendental curves were allowed. There-
fore, these correspondences could always
theoretically be translated into algebraic
equations (with real coefficients) between
the abscissas of the points of the straight
line, with respect to an arbitrary origin. In
the case of a one-to-one correspondence
between the points of abscissas x and u of
the line, this equation must be of the form:

xu+A-z+p-uty=0.

Indeed, this is the general form of all alge-
braic equations such that, when a value z
(respectively w) is fixed, the resulting poly-
nomial in u (respectively z) be linear (that
is, have only one root). By expressing u as
a function of z in the equation above, we
find that it must in fact be a homography
of the (projective) line.

Building on his projective methods to
study the generation of curves via inter-
sections of homographic pencils, Chasles
would go on in the 1860’ to study more
elaborate correspondences, borne out
of constructions which map groups of
points together, and not just individual
points. Let us consider another elemen-
tary example, this time based on a cor-
respondence between rays instead of
points: let C be a conic and I a point in
the plane. Any ray IX passing through I
will intersect C at two points, which may
potentially coincide or be imaginary con-
jugates. At these two points, let us draw
the normals to C, each of which in turn
also intersect C at another point. These
two resulting points U and U’ define two
rays IU and IU', which ‘correspond’ to IX.
Conversely, we can use the same con-
struction to associate two rays IX to any
ray IU (see Figure 1).

This is an example of what we will call
a (2,2)-correspondence between the rays
passing through I; and we can in this fash-
ion, using more elaborate curves and in-
structions, construct (a,B)-correspondenc-
es between the rays passing through a
point (or, per duality, the points on a line)
for any two integers @ and /. Now, be-
cause such correspondences derive solely
from geometrical constructions, they can
also be represented by algebraic equations
P(z,u) =0, where z and y represent the
(sine of the) angle formed by IX and IU
with respect to an arbitrarily chosen direc-
tion, or in the abscissas of the points z and
u (with respect to an arbitrary origin once

Figure 1 A (2,2)-correspondence.
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again). However, this time, when a point z
is fixed, the resulting polynomial in u will
be of degree 2 (or @ in the more general
case); since that is the expected number of
roots (and, since we allow complex roots,
the Fundamental Theorem of Algebra ap-
plies). Conversely, P must be of degree 2
(respectively B) in w.

Chasles’s principle gives us the number
of ‘coincidences’ in a correspondence; that
is to say, the number of points x that also
belong to their own image under the cor-
respondence. Such a point must be one of
the points u which themselves correspond
to z; in other words, x must be a root of
the equation P(z,z) = 0. From elementary
properties of polynomials and the Funda-
mental Theorem of Algebra, Chasles drew
the two following (dual) results:

Theorem 1 (Chasles’s Principle of Corre-
spondence). When, on a straight line L,
two series of points x and u are such that
a points u correspond to a single point x,
and that b points x correspond to a sin-
gle point u, then the numbers of points x
which coincide with corresponding points
wis (a+pB).

When, around a point I, two pencils
of straight line IX and IU are such that a
lines IU correspond to a single point IX,
and that b lines IX correspond to a sin-
gle line IU, then the numbers of lines IX
which coincide with corresponding lines IU
is (a+p). 9, p.1175]

In the simple example given above,
this means that our correspondence yields
(2+2) =4 coincidences. In fact, these coin-
cidences turn out to be all the normals to C
which can be drawn from I. The principle of
correspondence has thus provided a direct
answer to a geometrical problem famously
discussed at length in Book V of Apollonius
of Perga’s Conics, namely that of enumerat-
ing and drawing normals to a conic from a
given point [13, pp.146—-177]. In this land-
mark text of ancient geometry, however,
separation of cases was paramount; and
Apollonius had found that the numbers of
normals one can draw from a point could
be either 2, 3, or 4 depending on the sort
of conic (parabola, hyperbola, or ellipse)
and the position of the point. In Chasles’s
modern projective geometry, however, such
distinctions were eschewed in the name of
generality — one unique method provided
one unigue answer in one fell swoop.

A theorem thrice virtuous
At this stage, this theorem might seem
rather banal and of little geometrical in-
terest. After all, it is but the simple ap-
plication of elementary algebra. Yet in the
wake of its enunciation of this principle in
1864, Chasles devoted the near totality of
his scientific efforts to applying it to vari-
ous systems of figures (polygons, curves,
harmonic axes, et cetera) until his death in
1880. Most of his writings over this period
of time consist in long lists of propositions
for which the proofs are rarely given, but
always attributed to the principle of corre-
spondence (see Figure 2). In his scientific
archives, preserved at the Paris Académie
des Sciences, one can find myriad more
such propositions hastily sketched on
leaflets and postcards, all of which bear
witness to a prolonged and intense explo-
ration of the potentialities of this principle.
In one of his last articles, whilst re-
flecting upon this theorem with which he
had been so busy and productive, Chasles
identified three distinct features that made
it so valuable to his eyes. The first of these

three virtues lies in its simplicity:

“The principle of correspondence can
be applied, with very great ease, to an
infinity of questions. This ease is such
that, without having to express through
any equation like in Analysis the condi-
tions of the question, we immediately
put down two numbers which satisfy
these conditions and whose simple sum
expresses the solution.” [10, p.577]

In other words, one can apply the princi-
ple of correspondence to any geometrical
figure, and this application is always easy:
it requires no computation nor any other
complicated algebraic manipulation other
than the sum of two numbers.

The second virtue of this principle is
that it always leads to general theorems:

“By applying [this principle] to simpler
questions, such as those left as exercis-
es in the classical treatises, we imme-
diately acknowledge that the reasoning
will be absolutely the same in the case
of the greatest generalization that the
question can admit.” [10, p.578]

(582 )

v 8. 8, par le point ou I tangente du point & ‘rencontre une langente fixe
de U, on méne une paralléle a chague corde aa', ces paralléles enveloppent
une courbe de la classe (2m + n — - 3) (m — -»).

» 9. Si, par le point o la tangente en a' rencontre une tangente fixe de Uy,
on méne des perpendiculaires aux cordes aat, ces pexpendwuiaams enve!oppent

une courbe de la-classe (2m -+ n — 3) (mr —'y).

» 10. Itexiste {2m chn = 2) (m -v) com'es aa’ qui sont norimales aUs,

en leur point a'.

» Et méme nombre qm sont normales en leur pomt a.

v 14, Il existe (m-+n— 4) {m —v) corde§ aa’ qui sont tangemes d Um en

leur point a'. .

» Et méme nombre qm sont tangentes en 2 leur pomt a,

» 12. Du point de rencontre des tangentes en a et a’ de chaque corde aa’ on
méne une paralléle & cette corde: ces pamﬂéles enue{oppent une courbe de la

ciassea(m+n—z)( '——v)

» 13. Du pomt de rencontre des tangenles en a et a' on aba;,sse une perpen-
diculaire sur la corde aa’ : ces perpendiculaires enueioppent une courbe de la

classe 2(m +n — 2) (m =)

e

» 14. Les pieds des perpendzéﬁ!azms sont sur une courbe de Pordre

2(2m +n —2) (m — ).

» 15. Du point a de chaque corde aa’ on abaisse une perpendwuiatre sur la

droite Oa’ :
(2m — ) (m — ).

ces perpendiculdires envefoppcnt une courbe de Ia ct'asse

» 16. Les pieds des perpendwut'a:res sont sur une courbe a’e !ordrc

(3m — 2v)(m=v).

Figure 2 Chasles's monotonous lists of propositions [10, p.588].
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Lastly, Chasles notes that due to the sim-
plicity and immediateness with which
it yields propositions, this principle can
serve as an art of invention:

“The principle of correspondences com-
prises such an ease of solution that,
whatever the question we tackle... we
immediately have the thought to apply
this mode of spontaneous solution to
various other questions related to the
figure we have before our eyes. It is thus
that, as | sought to treat some questions
in the general theory of curves, | was left
by the solutions to multiply by the hun-
dreds different theorems.” [10, p.578]

An example borrowed from Poncelet

To understand how Chasles came to see
these three epistemic virtues as embod-
ied in the principle of correspondence, we
need to first understand how he employed
it as an instrument for the obtention of
geometrical propositions. In a particu-
larly telling passage of the same paper,
Chasles considered an old theorem given
by Jean-Victor Poncelet in his 1822 Traité
des Propriétés Projectives, that is to say
one of the aforementioned ‘classical trea-
tises’. Choosing Poncelet’s Traité as the
basis of this discussion was by no means
a neutral choice. Chasles and Poncelet had
had a fraught relationship for decades, and
by showing how easily he could general-
ize Poncelet’s results (in effect, even rel-

Figure 3  Poncelet’s chord theorem for conics.

egating his magnum opus to the rank of
a classical but outdated treatise), Chasles
was effectively staking a claim to superior
mastery of the methods of pure geometry.
The theorem in question is the following
(see Figure 3):

Theorem 2 (Poncelet’s chord theorem).
When an angle of constant magnitude
a turns about its origin O, which lies on
a conic C, the chord aa' this angle in-
tercepts on the conic envelopes another
conic. [21, p.281]

In fact, Chasles did not prove this theo-
rem: as we shall see, he immediately tack-
led a more general version thereof, using a
rather idiosyncratic language and style of
exposition. For the sake of clarity, however,
| will first adapt his arguments to provide
a more explicit and detailed proof of Pon-
celet’s theorem using the principle of cor-
respondence.

Proof. We show that from any fixed point
I, one can draw two tangents to the enve-
lope described in the theorem (let us call
this locus U); this is enough to show that
it is a curve of class two, that is to say a
conic. To that end, we consider the rays
IX which turn around I and construct the
following correspondence (see Figure 4).
A ray IX intersects C at two points a,b,
to which we join O to form two straight
lines Oa,0b. We can them form the two

1U>

straight lines Oa’,0Ob’ which stand at an
angle @ with them, and which intersect C
at (respectively) a’and b'. Joining I to both
of these points, we have constructed two
rays IU, which we associate to the initial
ray IX. Conversely, to a ray IU we can also
associate two rays IX via the very same
construction, except with angle —a. Per the
principle, there are 2+ 2 =4 coincidences
in this correspondence.

But of these four coincidences, two are
‘foreign solutions’: they do not depend
on the position of I (or C), and therefore
should be discounted as mere computa-
tional artefacts. Indeed, any rotation about
O fixes the same two imaginary points,
namely the circular points at infinity £ and
F. These points, which in projective coor-
dinates are represented by the two triplets
(1:+4:0), were then defined as the two
intersections of the line at infinity and any
(real) circle in the plane [21, pp.48-49].
Thus, rotations about O map the rays OF
and OF onto themselves. Now, if a is the
intersection of OF and C (other than 0),
then e =4a'; and Ia is a coincidence irre-
spective of where I lies. The same can be
said of the intersection of OF and C.

Consequently, there are only two ‘real’
coincidences; and these are, per construc-
tion, the lines aa’ passing through I such
that a/OE’ = a. By definition of the locus U,
these are also all the tangents to it one
can draw from I. This proves that the class
of U is two, and U is indeed a conic. O

Figure 4 The (2,2)-correspondence used to prove Poncelet’s theorem.
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One may object that this proof isn’t
exactly as simple as Chasles had made
it out to be. After all, while no computa-
tion was required, we did not merely ‘put
down two numbers’: we had to invent a
correspondence and identify foreign solu-
tions amongst its coincidences. However,
the difficulty of these tasks is largely a
consequence of our lack of familiarity
with such constructions. Not only does
this proof (and all other proofs obtained
by Chasles with the principle of corre-
spondence) require no computations, the
construction of the correspondence itself
follows a systematic pattern. When set-
ting out to establish the class of a locus,
that is to say the number of tangents to
it which can be drawn from an arbitrary
point, Chasles always fixes a point I and
forms a correspondence between the rays
IX whose coincidences are the tangents to
said locus. For the order of a locus, that is
to say the number of points an arbitrary
straight line intersects on it, he fixes a
straight line L and forms a correspondence
between its points  whose coincidences
are the intersections of L and the locus.
In both cases, the number yielded by the
principle is the geometrical number being
sought. And as Chasles’s lists demonstrate,
these two strategies can be employed to
systematically and easily obtain a plethora
of results. The universality and simplicity
of the principle of correspondence these
lists demonstrate, however, hinges on the
mastery of some tacit geometrical knowl-
edge, a technical know-how which is not
encapsulated in its formal statement —and
which one can only obtain by in-depth ac-
guaintance with these texts.

To illustrate the second virtue of the
principle of correspondence, Chasles goes
on to explain how Poncelet’s theorem can
be generalized in various regards. The giv-
en conic C can be replaced by a curve U,
of order m, and the fixed point O on the
curve can be of multiplicity v (instead of
being a regular point). Furthermore, the
requisite that the two lines form a con-
stant angle can be replaced by that requi-
site that they form a constant cross-ratio
with two arbitrary, fixed lines also pass-
ing through O. Indeed, if these two fixed
lines pass through the two circular points
at infinity £ and F, then we are left with
the original condition, namely that the two
mobile straight lines form a constant an-
gle a. This is because one can define the

angle between two lines Ly,Ly (which in-
tersect at point M) as +log|Ly, Ly, ME, MF.
This result is sometimes called Laguerre’s
formula, and it is especially useful in com-
putational geometry [14, pp.147-148]. Of
course, in this much more general setting,
the conclusion of Poncelet’s theorem must
be adapted as the chords envelope a more
complex curve, and Chasles gives the fol-
lowing statement:

Theorem 3 (Poncelet’s chord theorem gen-
eralized). When, about a point O of multi-
plicity n of a curve U, two straight lines
OA,0A' turn while maintaining a constant
cross-ratio m with two fixed straight lines
OE,OF, the chords aa' they intercept enve-
lope a curve whose classis2(m—1) (m—v).

[10, pp.579-580]

Note that, if m =2 and v =1, the class
is 2X1X1=2 as stipulated by the origi-
nal theorem.

Chasles’s key observation is that the
proof of Poncelet’s original theorem can
be transposed in this new setting, simply
substituting each term by its more general
counterpart. By thus preserving the struc-
ture of the proof and simply altering its
elements, one can immediately establish
the more general theorem:

Proof. We fix an arbitrary point 7, and we
show that from I, one can draw exactly
2(m—1)(m—v) chords aa' To that end,
we construct the same correspondence as
before, mutatis mutandis.

A ray IX intersects U,, at m points, all
of which we denote a. Each point a can
be joined to O by a straight line OA. The
straight lines OA’, which form with OA,
OE, OF the required cross-ratio, all inter-
sect U,, at m—v points a' (because O is
of multiplicity v). In total, this procedure
yields m(m—v) points a’, through which
one can draw the same number of straight
lines IU. Similarly, to each IU there cor-
respond m(m —v) straight lines IX. This
is a [m(m—yv),m(m—yv)]-correspondence,
which consequently yields 2m(m —v) coin-
cidences.

However, amongst these coincidences,
2(m—v) are foreign solutions caused by
the lines OF and OF. Indeed, each of these
two lines intersects the curve at m—vy
points a, and when IX passes through one
of these points, the line OA coincides with
OF and therefore with OA'. Thus, a’ co-

incides with a, and IU with IX, wherever
the point I is. There are m — v such foreign
solutions, and the same goes for the coin-
cidences of Oa and OF. And so there are
in total 2(m — v) foreign solutions, and the
remaining number of ‘real’ solutions is:

2m(m—v)—2(m—v)=2(m—1)(m—v).

Lastly, these real coincidences are all the
chords aa', because they are the straight
lines which join two points A and A’ on U,
such that OA and OA' form the required
cross-ratio with OF and OF. Therefore the
number of these coincidences is the class of
the envelope described by the theorem. O

Using the principle (and the tacit
proof-strategies associated to it) to estab-
lish a classical result, Chasles immediately
obtains a proof-structure which is stable
under generalization of all its terms, with-
out the need for any further reflection.
Indeed, not only is the correspondence
analog to the previous one, but even
the argument for the enumeration of the
foreign solutions stays intact (modulo a
simple translation). The generality of this
method, for Chasles, is only worthwhile
insofar as it is a systematic and effortless
generality; it has little to do with the ex-
tension of the domain of application of the
method, and much more to do with how
this application can be carried out in a uni-
form manner.

Lastly, Chasles demonstrates the third
virtue of the principle of correspondence
by proposing another kind of alteration to
Poncelet’s theorem. Having generalized it to
the fullest, Chasles now shows how to mod-
ify it simply by considering other properties
‘of the same figure’: for instance, instead of
forming the locus enveloped by the chords
aa', he considers the locus U’ generated by
the intersection of the two tangents to the
curve at the points a and a' (see Figure 5,
for the case where U,, is a conic C), for
which he gives the following result:

Theorem 4 (Dual theorem). U’ is a curve of
order 2(n—1) (m—v), where n is the class
of the given curve U, [10, p.581]

This theorem is a sort of dual version of
the previous one, and thus a proof comes
equally easily to Chasles via the construc-
tion of a dual correspondence. This time, |
give Chasles’s proof with his peculiar nota-
tions and style of presentation:
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Figure 5 A dual theorem.

Proof.

z, na, nlm—v)a u,

u, na', nlm—v)a,z,
2n(m—v).

That is to say: From a point z on a straight
line L, we draw n tangents za to U,,; to the
straight lines OA which pass through these
points there correspond n straight lines
OA' which intersect U, at n(m—v) points
a'y the tangents at these points intersect
L at n(m —v) points u. Similarly, a point «
gives rise to n(m —v) points z. Thus, there
are 2n(m —v) points x coinciding to a cor-
responding point .

But there are 2(m—y) coincidences
which are foreign solutions; they are
caused by the 2(m —v) intersections of the
two straight lines OF and OF with U,;
since, for such a point, a’ coincides with a
and z with « wherever the straight line L
is; it is therefore a foreign solution. There
remain 2(n—1)(m—v) solutions, which
is therefore the order of the curve being
sought. O

Note the duality between this corre-
spondence and the previous one: for in-
stance, instead of considering the intersec-
tions of a straight line IX and the curve U,
in this proof Chasles first considers the
tangents to U,, drawn from a point z of a
straight line L. Thus, the principle of cor-
respondence allows for parallel alterations

to the theorem and to the proofs there-
of, yielding once again further geometrical
truths without requiring extra effort.

Genius made accessory

Chasles’s insistence on the value of sim-
ple, general, and systematic methods both
as a means to prove and to discover new
geometrical truths largely predated his dis-
covery of the principle of correspondence.
In 1837 already, at the very end of his cel-
ebrated Historical survey of the develop-
ment of geometrical methods, Chasles had
prophesied a very optimistic future for his
science of choice in terms strikingly simi-
lar:

“In ancient Geometry, truths were isolat-
ed. To imagine and to create new ones
was a difficult task, and not everyone
who so wished could become a geom-
eter-inventor. Today, any one can come
up, pick any known truth, and submit
it to the various general principles of
transformation; they will obtain from it
other truths, different or more general;
and on these ones one will be able to
carry out similar operations; so that
one may multiply, almost at infinity, the
number of new truths deduced from the
first one... Anyone who so wishes, in
the current state of science, can gener-
alize and create in Geometry; genius is
no longer indispensable to add a brick
to the edifice.” [7, pp.268—269]

The principle of correspondence embodied
the core virtues of an ideal for mathemat-
ical practice which had motivated Chasles
for decades, namely uniformity, simplicity,
and generality. While the principle of cor-
respondence was first expressed in 1864,
the scientific culture underlying its use and
appreciation by Chasles was in fact already
a thing of the past.

As intellectual historians of early nine-
teenth-century France have shown, these
values were those shaped and transmitted
in engineering schools such as the Ecole
Polytechnique, where Chasles trained be-
tween 1812 and 1814. Created in 1794,
this latter school was intended to train
engineers, military men, and civil servants
for the young Republic. The teaching of
mathematics in the first year of its exis-
tence, of which famous savants such as
Gaspard Monge and Joseph-Louis Lagrange
were in charge, was structured around an
ideal of generality: students would learn
at the Ecole Polytechnique abstract prin-
ciples, and only then learn how to apply
them in dedicated ‘écoles d’application’.
These principles, characterized by their
potentially universal domain of application
and by the uniformity of their march, were
viewed as the most valuable and pressing
lesson to promulgate amongst this young
scientific elites [1; 3, pp.114-118]. As Syl-
vestre-Francois Lacroix (1765-1843) would
recount in his 1805 Essays on teaching:

“The various works which a great na-
tion must have carried out, whether it
be for its defense or the improvement
of its territory... require the help of al-
most all arts and sciences... Only very
extended preparatory studies could pro-
vide the resources to direct such works.
These varied studies can be sorted out
in a small number of divisions which em-
brace a multiplicity of details too great to
be gathered in a single head, but whose
general principles are the same. To iso-
late these principles and to make them
the subject of general instruction, ... such
was the goals of the founders of the
[Ecole Polytechniquel.” [16, pp.32—33]

Thus, a suitable teaching of geometry (as
of any other sciences), for the savants of
this milieu, ought to rely primarily on the
exposition of these general principles, and
then on that of the art of the systematic
application thereof to any potential system
of figures—a framework explicitly mod-
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eled after a kind of ‘engineer epistemol-
ogy’. Chasles was not merely paying lip
service to old professors or classmates in
invoking these same values: the tableaux
he uses in the presentation of his proofs
via correspondence, the uniformity of the
language, and the organization of math-
ematical knowledge into principles and
their applications all indicate how strongly
his scientific practice was shaped by this
shared culture. As we shall now see, to a
reader foreign to this culture, the princi-
ple of correspondence in this form would
quickly lose much of its appeal.

Cosmopolitan cafés and modern mathematics
Chasles’s methods initially found attentive
and enthusiastic readers all over Europe:
the principle of correspondence was taken
up in the 1860’ and 1870’s by algebraic
geometers Arthur Cayley and Adolf Hurwitz
who expanded it to correspondences on
curves of genus p instead of straight lines
(in which case the number of coincidences
becomes @+ B8+ 2kp for some integer k),
and who used it to prove, among other
things, Poncelet’s famous porism (or ‘clo-
sure theorem’) [6; 19, pp.264—265]. In Ita-
ly, Luigi Cremona contributed a great deal
to the circulation of these methods in his
teaching of geometry in Bologna. By the
1880’s, the principle of correspondence had
become such an integral part of advanced
mathematics curricula that some even be-
gan complaining about its omnipresence.
Giovanni Guccia, for instance, privately
lamented in 1888 that Italian geometers
wrongly focused on “endless and monoto-
nous applications of Chasles’s principle of
correspondence, which [he] couldn’t bear
anymore” [5, p.36]. As it turns out, Guc-
cia was not alone in finding much to fault
with the widespread use and teaching of
Chasles’s principle.

Corrado Segre (1863-1924) is a towering
figure in the history of Italian mathematics,
and his role in the shaping of modern al-
gebraic geometry cannot be understated.
After brilliant studies at the University of
Turin, he was immediately hired by this in-
stitution to assist with the teaching of de-
scriptive geometry. In 1888, he was made
professor of higher geometry, a position he
held for the rest of his career. Besides his
own scientific contributions, Segre was an
early and active promoter of Felix Klein’s
Erlanger Programm, and he trained many
of the most successful Italian mathemati-

cians of the early twentieth century, such
as Gino Fano, Beppo Levi, or Francesco
Severi. As historians have recently shown,
Segre elected at an early stage to divert
the bulk of his efforts away from publish-
ing original research. Instead, he “devot-
ed a large part of his time and activity to
pushing his direct and distance disciples
to produce original researches, which in
a sense he ended up considering ‘as his
own’” [18, p.96].

Mathematics, in Segre’s circle, was a first
and foremost a social affair. He maintained
a large network of international friends,
students, and colleagues, whom he of-
ten gathered in Turin. Among these, let us
mention Felix Klein and Leopold Kronecker
from Germany, William and Grace Young
from England, René Baire and Gaston Dar-
boux from France, and C.L.E. Moore and
Ernest Wilczynski from the United States.
Far from the vertical model that ruled
Chasles’s conception of scientific knowl-
edge, with elite savants producing general
principles for other to apply effortlessly
but mechanically, Segre sought to foster
global collaboration and the expression of
individual creativity. The school of geome-
try which Segre organized was “linked to
a very precise local milieu, constituted by
the University of Turin... [but also of] cul-
tural cafes like Giaccardi, Bergia, and the
American Bar...In his ‘little studio’ various
disciples and colleagues were entertained,
both Italians and foreigners.” Modern
mathematics, for the Italian Maestro, was
born out “conversation, and generally to
all those vectors of scientific sociability...
that were set alongside institutional ed-
ucation and, allowing greater freedom of
expression and debate between the inter-
locutors, proved particularly useful in the
creative phase of research activity” [18, pp.
117-118]. In this new locale, and under this
new conception of mathematical teaching
and research, Chasles’s principle lost its
very raison d’étre.

Against facility

Segre’s disapproval of Chasles’s mathe-
matics is at its clearest in an address to
his students, which he published in 1891
in the newly-created Rivista di Matema-
tica (then edited by none other than Gi-
useppe Peano), and which was translated
into English by John Wesley Young for the
Bulletin of the American Mathematical So-
ciety in 1904, with Segre’s approval and

supervision [23,24]. Surprisingly enough,
this address opens on a lengthy quote
of the concluding paragraphs of Chasles’s
Historical Survey, that is to say Chasles’s
aforementioned diagnosis on the superflu-
ity of genius in modern geometry. Segre
initially lists, in what may seem like an
endorsement of this diagnosis, some of
the most important advances made by
geometers over the half-century that had
elapsed since the publication of Chasles’s
text. In many of these advances, he points
to the importance of the concept of trans-
formation, which he concedes Chasles had
rightly highlighted. However, Segre is quick
to correct Chasles’s enthusiasm for ge-
nius-free, methodical geometry:

“But facility is a bad counsellor; and
often the work to which it leads the be-
ginner, while it may serve as training,
as preparation for original research, will
not deserve to see the light... Geomet-
ric writings are not rare in which one
would seek in vain for an idea at all
novel... one finds [instead] applications
of known methods which have already
been made thousands of times; or gen-
eralizations from known results which
are so easily made that the knowledge
of the latter suffices to give at once the
former, et cetera. Now such work is not
merely useless; it is actually harmful
because it produces a real incumbrance
in the science and an embarrassment
for more serious investigators; and be-
cause often it crowds out certain lines
of thought which might well have de-
served to be studied. Better, far better,
that the student, instead of producing
rapidly a long series of papers of such
a nature, should work hard for a long
time on the solution of a single prob-
lem, provided it is important: better
one result fit to live than a thousand
doomed to die at birth!” [24, p.443]

The language in this passage is clear: Seg-
re knew exactly what Chasles valued so ar-
dently in his own research, and he outright
rejected that these values held any merit
for the modern student of mathematics. In
the rest of his address, Segre would at-
tempt to answer the question: “When is
a question important?” In so doing, he
outlined his own views regarding the prin-
ciples a student of mathematics ought to
keep in mind when selecting a topic to
learn about and to research, and regarding
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the norms that should rule this learning
and this research.

In the seventh section of this text, Seg-
re returned with these new aims in mind
to algebraic correspondences and trans-
formations, and in particular to Chasles’s
own contributions to modern geometry. In
his analysis of the principle of correspon-
dence, Segre showed once again undeni-
able familiarity with the method of proof
discussed above:

“And so in general, just as it is easy
to imagine new loci and new geomet-
ric transformations, so also is it easy
to invent applications of correspon-
dences to obtain new truths. We take
a point 4, join it to B, take the polar
with regard to C, let it intersect with
D, take the homologous point with re-
gard to E, et cetera, and finally from A
we obtain a point (or other element) A’;
to the elements A of the first set will
thus correspond the elements A’ of a

new set, and if A or A’ is made to move
in a certain way, A’ or A will also move,
et cetera. In this way a given figure or
given property will be transformed into
another, which will give rise to a third,
and so on; and all without the least
difficulty, mechanically as it were, with
the regularity with which a pendulum
swings.”

[In a footnote:] “Hence one of my teach-
ers... used jokingly to call this kind of
research tic-tac-geometry.” [24, p.458]

Here, too, Segre knew Chasles’s texts in
and out. His description of the generation
of correspondences is faithful to Chasles’s
practice, and so is his assertion regarding
the simplicity and systematicity of this
practice. But here again, Segre completely
rejects any mathematical value to this me-
thodical and simple pendulum-like geome-
try: “it is not with this sort of research that
we should be engaged nowadays”, he as-
serts. What, then, should one do with the

principle of correspondence, which Segre
nonetheless included in his address and
his teaching?

Segre’s Quaderni: the principle’s new clothes
To answer that question, one must look
beyond this sole address. Fortunately,
this is not the only extant trace of Seg-
re’s influential teaching. Researchers at the
University of Turin have digitized some 40
notebooks (Quaderni) that Segre used to
prepare and deliver his lectures, many of
which dealt with algebraic geometry and, in
particular, the principle of correspondence
(see Figure 6) [15].

Correspondences figured prominently
in these lectures, alongside a statement
of Chasles’s principle only marginally dif-
ferent from its 1864 antecedent (except for
its generalization to correspondences on
curves of genus p, which Chasles was also
aware of). It would be easy to point to
the many ways in which Segre was able to
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apply the principle of correspondence to
many new objects which Chasles could not
have studied, such as surfaces in n-dimen-
sional or non-Euclidean spaces. The real
change, however, appears in the sorts of
tasks which Segre expected his students to
carry out with this principle.

In his courses on algebraic geometry,
the very first applications of the principle
of correspondence are always concerned
with the theoretical properties of (a,a’)-cor-
respondences, for instance investigating
pairs of coinciding points common to two
different correspondences, or even consid-
ering the composition of several correspon-
dences. Elsewhere, Segre described the
role of correspondences to be that of the
basis of the theory of birational transfor-
mations, which in turn was to provide tools
for the study of higher singularities of skew
curves and surfaces. While these questions
might have made mathematical sense to
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