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This Problem Section is open to everyone; everybody is encouraged to send in solutions and
propose problems. Group contributions are welcome.

For each problem, the most elegant correct solution will be rewarded with a book token worth
€20. At times there will be a Star Problem, to which the proposer does not know any solution.
For the first correct solution sent in within one year there is a prize of €100.

When proposing a problem, please either include a complete solution or indicate that it is
intended as a Star Problem. Electronic submissions of problems and solutions are preferred
(problems@nieuwarchief.nl).

The deadline for solutions to the problems in this edition is 1 December 2014.

All three problems ask for a construction with origami in a limited number of moves.
More precisely, given a collection of points and lines (or folds) in the plane, a move (cf. the
Huzita—Justin—Hatori axioms) consists of adding to the collection one of the following:
— afold aligning two distinct points;
— afold aligning two distinct lines;
— if it exists, a fold having two properties of the following types (except for type 3, one may

have two distinct alignments of the same type):

1. the fold aligns a point with a line;

2. the fold passes through a point;

3. the fold is perpendicular to a line;
— asufficiently general fold having at most one property of types 1, 2 and 3.
For example, given points P; and P, and lines I3 and I, examples of moves are adding a
fold that aligns P; with 1; and P, with > (having two properties of type 1), and adding a fold
perpendicular to I, aligning P, with 1; (having a property of type 1 and one of type 3). (These
two example moves correspond to axioms 6 and 7 from the Huzita—Justin—Hatori axioms.) At
any time one is allowed to freely add any intersection point among the lines.
For example, one can construct a square (including its sides) in five moves as follows. First,
make any fold I. Then make any two distinct folds 14 and lg perpendicular to I. Let A and B
be the intersections of [ with 4 and Ip, respectively. Next, make a fold d aligning L and L4,
and denote its intersection with Lz by C. Finally, make the fold m perpendicular to L4 passing
through C, and denote its intersection with 14 by D. Then ABCD (together with the lines [, L4,
1y, m) is a square.

Problem A
Given three points A, B, and C, and a line [ passing through C, construct in at most six moves
a point D on the line L such that |CD| = |AB|.

Problem B
Construct a golden rectangle (including its sides) in at most eight moves.

Problem C
Given two points A and B, construct in at most four moves the point C on the segment AB such
that |AC| = 3|ABI.

Erratum to solution 2013-4/B. The map h: A ®; B — C is not necessarily a ring homomor-
phism; itis just a Z-module homomorphism. Nevertheless, the natural mapsi: A - A®z;B
and j: B — A ®z B are ring homomorphism, so the proof is unaffected.

Edition 2014-1 We received solutions from Rik Bos (Bunschoten), Charles Delorme, Pieter de
Groen (Brussels, Belgium), Alex Heinis (Amsterdam), Nicky Hekster (Amstelveen), Alexandervan
Hoorn (Abcoude), Huub van Kempen (The Hague), Thijmen Krebs (Nootdorp), Hendrik Reuvers
(Maastricht), Traian Viteam (Cape Town, South Africa), Robert van der Waall (Huizen) and Sander
Zwegers (Cologne, Germany).
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Problem 2014-1/A (proposed by Hendrik Lenstra)
Let G be a group, and let a, b € G be two elements satisfying {gag~! : g € G} = {a, b}. Prove
that forall ¢ € G one has abc = cbha.

Solution We received solutions from Rik Bos, Pieter de Groen, Alex Heinis, Nicky Hekster,
Alexander van Hoorn, Thijmen Krebs, Traian Viteam, Robert van der Waall and Sander Zwegers.
All their solutions were along the same lines. The book token goes to Nicky Hekster.

The case a = b is easy, so we assume a # b. We have bab™! € {a,b} and bab~! = b would
contradict a # b, hence we have ba = ab.

Note that {a, b} is an orbit under the conjugation action, hence conjugation by c acts either by
swapping a and b or by fixing both a and b.

In the latter case, the element ¢ commutes with both a and b, which also commute with each
other, hence abc = cha.

In the former case, we have abc = a(cac™')c = aca = c(c 1ac)a = cbha.

Problem 2014-1/B (due to Albrecht Pfister [1])

Let K be a field, and consider for all positive integers n the subset S, of x € K* that can be
written as the sum of n squares in K. Show that the subgroup of K* generated by S, is equal to
Stm). Here, for a positive integer n, we denote by t(n) the smallest power of two that is greater
than or equal to n.

Solution We received solutions by Rik Bos, Alex Heinis, Thijmen Krebs and Robert van der Waall.
They all used or referred to Pfister's lemma. The book token goes to Thijmen Krebs.
Forany n > 1 the set Sy, contains 1, and if x? + - - - + x2 is non-zero, then

2 2
X pe
(xf+"'+x%)‘1=<2712> +"'+<27"z) .
X{+ - +Xp X{+ - +Xp

Pfister's lemma. Let n = 2™. For all x € Sy there exists an n x n-matrix X such that
XXT=X"X =xIy.

Proof. By induction on m. It is obvious for m = 1, so suppose the lemma is true for some
m > 1. Any x € Spy either lies in Sy, oris of the form  + z with v,z € Sy. In the first case,
there is nothing to prove. In the second case, let Y, Z be matrices with YY" = Y'Y = yI,, and
77" =777 = zI,. They exist by assumption. Let X be the block matrix

Y z
X= :
-y 'zy)T YT

Then XXT = X7 X = xI,, as desired. O

Let n be a power of 2. Take x,y € Sy, and let X, Y be corresponding matrices. Then Z = XY
satisfies ZZ" = xyIy. If z1,..., zy is the first row of Z, this implies xy = z% +---+22, hence
Sn is closed under multiplication. It follows that Sy, is a group.

It now suffices to show that for any n > 1 we have St < (Sn). Write t(n) = 2v. Any x € Sim)
is eitherin S, = (Sy), or can be written as y + z with v,z € Sy. Then x = y(1 + z/y) is the
productof y € S, and 1 +z/y € Sy+1, using that z/y lies in S;- since S, is a group. It follows
that x isin (Sy).

Problem 2014-1/C (folklore)

Given five pairwise distinct points A, B, C, D, E in the plane, no three of which are collinear,
and given a line [ in the plane not passing through any of the five points. Assume that [
intersects the conic section ¢ passingthrough A, B, C, D, E. Constructthe intersection points of 1
and c.
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Solution We received solutions from Charles Delorme (17 moves), Huub van Kempen (19 moves),
and Hendrik Reuvers (20 moves). The book token goes to Charles Delorme. This solution below
is based on that of Charles Delorme, Hendrik Reuvers and [2].

Rename the 5 points to Ay, Az, Az, X1, X2. The construction is then as follows.

— Foralli e {1,2,3} and j € {1, 2}, draw the line A; X;. (6 moves)

Let B;; be the intersection of A; X; with [, fori € {1,2,3} and j € {1, 2}. Note that the desired
intersection points c with [ then are the fixed points of the projectivity on [ sending B;; to B;» for
i € {1,2,3}. The idea is now to project these points to a circle, and then use Steiner’s double
element construction (see e.g. [2]).

— Draw the circle T’ with centre X, passing through X;. (1 move)

— Foralli € {1,2,3}, draw the line B;» X7. (3 moves)

Let C;; be the intersection of B;; X1 with T, fori € {1,2,3} and j € {1,2}. Note here that, for
i€ {1,2,3}, Bi1X1 = A; X1, a line that we have already drawn. We will now perform Steiner’s
double element construction.

— Draw the lines C11C32, C12C31, C21C32, C22C31. (4 moves)

Let Py = C21C32 N Co2C31 and Pr = C11C32 N C12C31.

— Draw P1P>. (1 move)

Let Q1 and Q2 denote the two intersections of Py P> with T.

— Draw Q1 X7 and Q2X;. (2 moves)

Let R; (i € {1,2}) denote the intersection of Q;X; with . We have now used 17 moves.
Moreover, by Steiner’'s double element construction, Q; and Q2 were the fixed points of the
projectivity such that C;; — Cjp foralli € {1,2,3}, hence R; and R are the intersection points
of ¢ with [, as desired.
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