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From a rational angle

By clever changes of both the distance function and the angle measure a new geometry comes
into being. Though the new distance function and angle measure are not linear, in many situ-
ations the new trigonometry results is simpler computations. The new theory has unexpected
applications in new areas, notably finite geometries. Many classical results of the Euclidean
Geometry (that in the good old days were taught in secondary school) have their counterpart in
finite geometries. Norman Wildberger presents an outline of the new trigonometry. Jan Aarts

discusses the merits of Wildberger’s approach.

According to the preface, “This book in-
troduces a remarkable new approach to
trigonometry and Euclidean geometry, with
dramatic implications for mathematics teach-
ing, industrial applications and the direction
of mathematical research in geometry.”

The proposed approach to geometry al-
lows for the development of a geometry over
any field of characteristic # 2 very similar to
the usual Euclidean geometry. The book is
not written as a textbook of rational trigonom-
etry, it is rather intended as an introduction
for a mathematically mature audience.

A bird’s-eye view of rational geometry

A large part of the book concerns plane ge-
ometry. The geometry is defined over a
field F with characteristic # 2 whose ele-
ments are called numbers. Most of the ex-
amples relate to geometries over the field
F, of the integers modulo the prime num-
ber p, the field of the rational numbers, the
reals or the complex numbers. A point of
the plane (over F) is an ordered pair of num-
bers: A =[x,y]and a line is a 3-proportion:
l =<{a:b:c). The point A is on the
line I precisely when ax + by + ¢ = 0. For

example, in the field Fs of integers modulo 5,
the linel = (-2 :1: —-3) passes through the
points [0, 3], [1, 0], [2, 2], [3, 4], [4, 1], and no
other points.

The basic notions are parallel and perpen-
dicular, whose definitions do not come as a
surprise. The lines I3 = (a1 : by : ¢1) and
I = {(az : by : cp) are parallel if and only
if a1bo — azb1 = 0. The lines l; and I are
perpendicular if and only if aiaz + bib, = 0.

The crux of the book is that the notions
of distance and angle are replaced by quad-
rance and spread, respectively. The quad-
rance Q(A, B) between the points A = (x1, 1)
and B = (x2,>) is the square of the ‘usual
distance’, that is

Q(A,B) = (x2 — x1)® + (v2 — ¥2)2.

As said before this theory also applies to fi-
nite geometries. However, there is a caveat.
In plane geometries over finite fields (or over
the complex numbers) there are so-called null
lines that at first glance have an unusual be-
havior. The linel={a: b : c) is called a null
line if a2 + b2 = 0. So null lines exist when-
ever —1 is a square. A null line is parallel to

itself (as it should be), butitis also perpendic-
ulartoitself. Ifthe points A and B are distinct,
thenitmay be verified thatthe line ABis anull
line if and only if Q(A,B) = 0. In the exam-
ple above, the line L is a null line and the five
points on the line [ have mutual quadrance O.
If neither of the lines I3 = (a1 : by : ¢1) and
I = (az : bz : c2) is a null line, the spread
s(l1, 1) between them is the number

_ (aibz — azby)?
s(ly, ) = —(af T bo)ad+ b2)’
Two lines are parallel if and only if the spread
between them is 0. Two lines are perpendicu-
larifand only if the spread between them is 1.
If one of the lines is a null line the spread is
not defined. The cross of lines I; and [ is de-
fined to be ¢ =1 — 5. Later on in the book, it
is shown that s and c are equal to the sin?(x)
and cos?(«x), respectively, where « is one of
the angles enclosed by I; and l,. Note that
the spread does not distinguish between sup-
plementary angles.

The most important objects of study are
the triangle, its special lines and the circles
related to it. If A1, A, and A3 are three points
in the plane (over a field F), we denote by Q;
the quadrance between A, and Az and by I3
the line through the points A, and As, and
similarly for Q», I, and Qs, l3. The triangle
A1A5A3z is said to be non-null if none of its
sides is a null line. The Pythagoras’ Theorem
holds in the new geometry. It reads as fol-
lows: the lines I3 and I, of a non-null triangle
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are perpendicularifand only if Q3 = Q1 +Q>.
The quadrea A of the triple {A;, Az, A3} is
the number

A=(Q1+Q2+Q3) - 2(Q +Q5+Qj).

The quadrea A is equal to 16 times the square
of the area of the triangle A1 A2A3,and A=0
precisely when the points A1, A, and Az are
collinear.

Keeping in mind the similarity between
spread and cross on the one hand and sin?
and cos? on the other hand, the following
statement do not come as a surprise. The
spread law holds for any triangle whose quad-
rances are non-zero:

S1 _ S2 _ S3

Q1 Q2 Q3

The cross law reads: if c3 is the cross of the
lines A Az and A1 Az then

(Q1+ Q2 - Q3)* =4Q1Qzc3.

Instead of the fact that the angles of a triangle
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add up to 180°, here the triple spread formula
arises for the spreads si1, s» and s3 of the
triangle:

(51 + 852+ 53)2 — 2(5‘]2_ + SZZ, + 5%) —4515053=0

The book is written in the style of a classical
textbook of analytic geometry and trigonome-
try with an abundance of formulas. In the first
chapters one will find formulas for the con-
currence of the lines, the collinearity of three
points, and later on formulas for the foot of
the altitude, the perpendicular bisector, the
orthocenter, the circumcenter, etc. The ver-
ification of properties usually boils down to
plugging in coordinates. The author advo-
cates the use of computer algebra packages
for the derivation of complicated formulas.
That is a rather dull way of doing geometry. It
is more fun to use elementary computations
in order to verify the results for some selected
examples, preferably over a finite field.

An example
In this section the properties are discussed
of a triangle A;A2A3 in the plane over the

Figure 1 Triangle A1 A2 A3z and some of its special lines and points

field F13 of the integers modulo 13, where
A1 = [2,8], A = [9,9], A3 = [10,0]. The
quadrance Q1 = Q(Az, A3) of the side oppo-
site A; is 4. Similarly Q2 = Q(A1,A3) = 11
and Qz = Q(A1,Az) = 11, so no side is a
null line and the triangle is isosceles. For the
line l; of the side A2 A3 opposite A; one gets:
l; =(9:1:1)andsimilarly I, =(1:1:3)
and I3 = (12 : 7 : 11). It follows that
1 = 5([2,[3) = 10, s = S(ll,lg) = 8 and
s3 = 5(l1, l2) = 8, confirming the spread law.
The altitude hz on A;A; is of the form
hz = (7 :1:c). As Aj lies on hz one
has hz = (7 : 1 : 8) and its foot is the
point [3,10]. This can be used to compute
the values of s; and s, in an alternative way.
The perpendicular bisector msz of AjA; is
mz = (7 : 1 :5). In a similar way one
finds the equations h, = (12 : 1 : 0) and
myp = (12 : 1 : 2) for the altitude and the
perpendicular bisector on A3 Ag, respective-
ly. From this one can deduce that the ortho-
center H is [12,12] and the center M of the
circumcircle of triangle A1 A2 Az is[11, 9]. The
centroid Z of the triangle, that is, the point of
concurrence of the medians, is [7,10]. One
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may verify that Z = %M + %H, so these three
points lie on the same line, the Euler line.
As the triangle is isosceles the Euler line co-
incides with the altitude hy on [A2A3]. For
each i, the quadrance Q(M, A;) = 4 and this
number is denoted by K, the quadrance K of
the circumcircle. The spread law may be ex-
tended to ¢ = ;i for each i.

One may also consider the given trian-
gle A1A2A3 with A]_ = [2, 8], Az = [9, 9],
Az =[10,0] in the plane over the field of ra-

tional numbers. In this case M = [, 3],
H=[%,%]and 7 =[7, ]]. It can be expect-

ed that all the occurring numbers are ratio-
nal. For this reason this branch of geometry
is named rational trigonometry. As it may be
applied to finite geometries as well, it is also
called universal.

What else is new?

The book is loaded with results of classical
geometry that have a counterpart in the new
geometries. There is a section on proportions
discussing among others the theorems of Ce-
va and Menelaus. Another section deals with
the incircle and the excircles of a triangle.

A section that | particularly enjoyed is the
one on regular stars and polygons. A regular
n-star is a cyclically ordered set consisting
of n lines log, l1,..., ln-1, ln = lp such that
li+1 is the reflection of I;_41 in I;, forall i. Itis
clear that the existence of regular n-stars and
regular n-gons are intimately related. One
of the results is that a regular star of order 3
exists precisely when the number 3 is a non-
zero square. It follows for example that there
are no regular stars of order 3 in the planes
over any of the fields Fs, Fs, F7, but that such
stars do exist in the plane over the field Fy3.
There is no regular star of order 3 in the plane
overtherational numbers, in contrast with the
situation in the plane over the real numbers.

There is a section devoted to conics that
can be defined metrically, including circles
and ribbons, parabolas, quadrolas and gram-
molas. Another section deals with cyclical
guadrilaterals. Showingthat so manyideas of
classical geometry carry over to finite geome-
tries is a remarkable achievement, indeed.
The book certainly will kindle the reader’s cu-
riosity and lead to the invention of new re-
sults.

Editorially speaking, the book is well pro-
duced. The numbering of the items is rather
unconventional. The theorems are numbered
consecutively, the exercises are numbered
per chapter, while definitions are not num-
bered at all. This does not lead to any prob-
lems as the author gives a page-reference for

all citations.

| have some reservations about the dra-
matic implications for mathematics teaching
that are claimed by the author. First of all
the trigonometric functions play an important
role in mathematics. Just think of the po-
lar representation of complex numbers, the
group of rotations and differential equations.
The traditionalintroduction of the trigonomet-
ric functions as proportions in a rectangu-
lar triangle points directly to important ap-
plications. | think that the author overem-
phasizes the rational character of quadrance
and spread. A student will hardly realize that
the trigonometric functions are transcenden-
tal, let alone ever grasp the meaning of tran-
scendence. Math instruction is about num-
bers and shapes. Gradually it changes into
elementary algebra and geometry. One of the
important goals of geometry instruction is the
development of the ability to perceive spatial
structure. The picture | made of the exam-
ple in the previous section with all the lines
drawn in, looked like a pointillistic miniature,
rather than an appealing illustration of some
geometric object.

In advocating his wonderful invention of
the new geometry the author suppresses the
beneficial employment of vectors in geome-
try. This statement may be clarified by the
following observations. As was stated above,
the non-null lines Iy = (ay : by : c1) and
lo = {az : by : c2) are perpendicular if and
only their cross ¢ equals zero. From the for-
mula of the spread and the equalitys =1-c,
for the cross we have the formula

(s, Ip) = Gaaz £ bibal®
(a1 +bi)(as + b3)

So it is quite natural to interpret (a1, b1) and
(az, bp)as normalvectors ofthelines I; and [
and aiax+b1b, as theirinner product. More-
over, the vectors (a1, az) and (bq, b) are or-
thogonal (and so are the lines I, and I,) as
their inner product is 0. | found that the sys-
tematic use of the vector notation substan-
tially simplifies many of the proofs.

In the final part, the applications, the
plane geometry is employed to problems in
solid geometry, some of which may be labeled
‘applied’. | enjoyed the chapter on Platonic
solids. Here the spreads between the faces
of the solids are computed, resulting in the
values 2,1, 8, 2 and £ fortetrahedron, cube,
octahedron, icosahedron and dodecahedron,
respectively.

In the preface the author states that the
message of the book is controversial. On the

Internet one may find many reviews of the
book and there is a lively discussion about
the merits of the new geometry. Summariz-
ing my opinion of the book, my advise to the
reader is to neglect the vast amount of formu-
las and to just enjoy the original approach to
a new geometry. Itis fun. L
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