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An elementary linear algebraic
approach to even functions (mod r)

An arithmetical function f(n) is said to be even (mod r) if f(n) =
f((n,r)) for all n € Z*, where (n,r) is the greatest common di-
visor of n and r. It is well known that every even function f
(mod r) possesses a representation f(n) = 3, a(d)C(n,d) in
terms of Ramanujan’s sum C(1,r). In this paper we interpret two
known expressions of « using elementary linear algebra. We also
present the known convolution representation of an even function
(mod r) in a simple way using the Dirichlet convolution.

Introduction
Let r be a fixed positive integer greater than 1. An arithmetical
function f(n) is said to be even (mod r) if

f(n) = f((n,7))

for all n € Z*, where (n,r) is the greatest common divisor of n
and r.

The concept of an even function (mod r) originates with Co-
hen [1]. Even functions (mod r) were further studied by Cohen
in subsequent papers [2, 3, 4]. General accounts of even functions
(mod r) can be found, for example, in the books by McCarthy [5]
and Sivaramakrishnan [6].

It is well known that every even function f (mod r) possesses a

representation
P (n) = S a(d)C(n,d)
dlr

in terms of Ramanujan’s sum C(#, r), where
C(n,r) =

k (mod r)

(k,r)=1

exp(2mikn /7).

The coefficients a(d), where d|r, are unique and are referred to as
the Fourier coefficients of f. It is well known that

S f(r/e)Clr/d,e) = (rp(d) " T f(@)Clar),

elr a (mod r)

where ¢ is Euler’s totient function. In this paper we interpret
these expressions of & using elementary linear algebra. We also
present the known convolution representation of an even function
(mod r) in a simple way using the Dirichlet convolution. Some
examples of even functions (mod r) are also given.

The vector space of even functions (mod r)
Let r (> 2) be fixed. Let E, denote the set of all even functions
(mod ).

Theorem 1. The set E; forms a complex vector space under the usual
sum of functions and the scalar multiplication.

The proof is an easy exercise in elementary linear algebra.

Theorem 2. The dimension of the vector space E, is T(r), the number
of positive divisors of r.

Proof. Letdy, dy, ..

order. For each divisord;, i = 1,2,...,
(i)

Pr (0 1 if (n,r) =d;,

Pr (”) =

0 otherwise.

We prove that {pr ci=1,2,.
space E,. Clearly pﬁ) € E, for allz =12,...,

-, d(y) be the positive divisors of r in ascending
7(r), define the function

,T(r)} is a basis of the vector
7(r). Every f € E;
(i) 5 _

can be written as a linear combination of the functions p;”, i =
1,2,...,7(r), as
1 2
Fn) = Fldn)or (n) + f(da)pf® (1) + -+ + f(der) o}
Further, it can be verified that the functions p£i>, i=1,2,...

() (n)

,T(r),
are linearly independent. This shows that {pgl) :i=1,2,...,7(r)}
is a basis of the vector space E, and thus the dimension of the vec-
tor space E, is 7(r). O

The inner product space of even functions (mod r)
The Dirichlet convolution of arithmetical functions f and g is de-

fined by f*g Zf n/d
d|n

Theorem 3. Let r (> 2) be fixed. The vector space E, forms a complex
inner product space with

(f,8 = ;<1> f(r/d)g(r/d) = (¢ = f3)(r), (1)

where g(n) = g(n), the complex conjugate of g(n).
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The proof is an easy exercise in elementary linear algebra.
Lemma 1. [5, p.79] Letdy | rand dy | r. Then

rdp(dy) ifdy =d,

0 otherwise.

C(r/e,d1)C(r/e,dy)dp(e) = {

elr

Remark. If d | 7, then C(n,d) is even (mod r).

Theorem 4. The following set is an orthonormal basis of the inner prod-

uct space Ey: 1
{(rp(d))2C(,d) : d | r}. (2)

Proof. As the dimension of the inner product space E; is 7(r) and
the number of elements in the set (2) is 7(r), it suffices to show the
set (2) is an orthonormal subset of E,. This follows easily from the
above remark and Lemma 1. O

Theorem 5. An arithmetical function f is even (mod r) if and only if
it has a representation

n) =Y a(d)C(n,d), 3
f(n) %()() (3)

where

a(d) = p1 ;f(r/e)C(r/d,e). (4)

Proof. If f possesses the representation (3), then f is a linear com-
bination of even functions (mod r). As even functions (mod r)
form a vector space, this linear combination is even (mod r).
Suppose that f is even (mod r). Then by Theorem 4

Fn) = S {f, (rd(d))T2C(, d) (rb(d)) "2C(m, ), (5)

dlr
where

(f, (rd(d)"2C(, d)) = 5 b(e)f(r/e)(rp(d))"2C(r/e,d).

elr

It is known [5, p. 93] that ¢(e)C(r/e,d) =
fore

(f, (rd(d)) "2

¢(d)C(r/d,e). There-

C(.,d)) =r"2¢(d)2 S f(r/e)C(r/de).  (6)

elr

Combining formulas (5) and (6) gives formula (3). O

The Cauchy product
Let f and g be even functions (mod r). Their Cauchy product is
defined as

(f ° g) (n) - u+b£;§mod r)

> fla)g(n —a).

a(mod r)

Lemma 2. [5, p.76] Let dy, dy | r. Then

TC(I’Z, dl) lfdl = dz,

0 otherwise.

Cla, d1)C(b,da) = {

a+b =n (mod r)

Theorem 6. Let f and g be even functions (mod r) with Fourier coeffi-
cients, respectively, ar(d) and ag(d), d | r. Then f o g is even (mod r)
with Fourier coefficients rocg(d)og(d), d | r.

Proof. By Theorem 5

(feg)m)= % ;txf(d)c

a+b=n(modr) d|r

= oar(d)a C(a,d)C(b,e).
%; 7(d) g(E)HbEngdr) (a,d)C(b,e)

By Lemma 2 (f o g)(n) = 34, ras(d)ag(d)C(n,d). Thus fogis
even (mod r) with Fourier coefficients rees (d)ag (d), d | 7. O

= (f03)(0).

(a,d) Z og(e)C(b, e

elr

Theorem 7. Inner product (1) can be written as (f, g)

Proof. By Parseval’s identity

(f.8) = S Uf, (rd(d))"3C(:,

dlr

) (g, (rp(d)) 2 C(-,d)).

By equations (6) and (4)

() =1 3 sy 1ot
,rz(xf C(0,d) = (f 0 3)(0).
dlr
This completes the proof of Theorem 7. O

Theorem 8. The Fourier coefficients of an even function f (mod r)

have the expression
ald) = Y f@cn. -
a (modr)

Proof. According to equation (5) and Theorem 7

z S fa)(rd(d)"EC(b,d)(rd(d))"2C(n,d)

d|r a+b=0 (mod r)

dz{ (@) X, fct ) }C(n,d).
As C(—a,d) = C(a,d), we obtain (7). O

A convolution representation

Theorem 9. An arithmetical function f is even (mod r) if and only if

it can be written as
f(n) = z g(d), 8)
d|(n,r)
where g is an arithmetical function (which may depend on r). In this
case § = f * u, where p is the Mobius function.

Proof. Let f be even (modr). As p is the inverse of the
constant function 1 under the Dirichlet convolution, we have

fn)=f((n,r) = % (fxu)(d).

d|(n,r)
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Thus f possesses (8) with ¢ = f * u. Conversely, if (8) holds, then
fi)y= % gld)= Z) 8(d) = f((n,1)).

d|(nr) d|((n,r),r)

Thus f is even (mod r). o

Lemma 3. [5, p. 71] We have

rifrin,

dlr 0 otherwise.

Theorem 10. The Fourier coefficients of an even function f (mod r)
have the expression:

ad)=r"1 5 (frp)(r/e)e. )

elr/d

Proof. Let g = f * u. We put the coefficients (9) on the right-hand
side of (3) to get

;r’l z g(r/e)eC(n,d) = ;r’lg(r/e)e C(n,d).
dl|r elr/d elr dlr/e
By Lemma 3
Srigr/e)e Y Clnd) =y g(r/e)= 5 g(d)=f(n).
elr dlr/e r;’\ey‘” d|(n,r)
This completes the proof. O
Examples

Example 1. Ramanujan’s sum C(#, r) has the expression C(n,7) =
Sd|(n,) An(r/d) and is thus easily seen to be even (modr). Ac-
cording to Theorem 5 its Fourier coefficients are given by a(d) = 1
ifd = r,and a(d) = 0 otherwise.
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Example 2. Kronecker’s function p, is defined as

1 if(n,r)=1,
pr(”) =
0 otherwise.

Kronecker’s function is even (mod r) and according to Theo-
rem 10 its Fourier coefficients are given by a(d) = r~1C(r/d, ).

Example 3. The function ey given as

(n) 1 ifn=0(modr),
eg(n) =
0 0 otherwise

is the identity under the Cauchy product. The function e is even

(mod r) and according to Theorem 10 its Fourier coefficients are

given by a(d) = r~ 1.

Example 4. The function (n,r) is even (mod r) and according
to Theorem 10 its Fourier coefficients are given by a(d) =

rt Ze\r/d (I)(r/e)e.

Example 5. Nagell’s function (n, r) counts the number of integers
a (mod r) such that (a,7) = (n —a,r) = 1. Then

0(n, 1) = (propr)(n).
Thus, using Example 2 and Theorem 6 we obtain

O(n,r) =r1 %C(r/d, 1)?*C(n,d).
dir

Example 6. Let N(n,7,s) denote the number of s-vectors

(x1,%2,...,%s5) (mod r) such that
X1+ x4+ x5 =n (modr),
where (x1,7) = (x2,7) = --- = (xs5,7) = 1. Then

N(n,r,s) = (propro---opr)(n)
s times

and therefore N(n,r,s) = ! Sar C(r/d,r)*C(n,d). In particular,
N(n,1,2) =0(n,r). G
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