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Inequalities for
exponential functions
and means, II

An inequality involving exponential functions was used to establish
corresponding inequalities for means for both real numbers and ma-
trices. Here we give an extension and simpler proof of this inequality.

The following bounds for the difference between the weighted
arithmetic and geometric means was given by Alzer [1] (see also
[2, p.38]):

0< Ae=CG/A — Ge=4/6 < g(A - G). (1)
In [3], it was noted that the improved result
OSC—DSCe’D/C—De’C/Dg%(C—D) )

holds for arbitrary positive real numbers C and D such that C < D
(not necessarily the weighted arithmetic and geometric means).
Thus, (1) and (2) are essentially exponential results rather than re-
sults for means, which are special cases. In particular, instead of
the arithmetic and geometric means, we can use arbitrary compa-
rable means [4].

In [3], means of matrices were also considered, i.e., it was noted
that (2) holds for Hermitian positive definite matrices C and D
such that C > D where C > D means that C — D is positive semi-
definite.

In the proof of (2) (as well as in the proof of the matrix case) the

main result used was a corresponding inequality for real num-
bers, that is, if x € [0, 1], then

xefl/x <

1—x<e¥—

[N e

(1—x). 3)

The values 3/e on the right and 1 on the left cannot be replaced
by a smaller number on the right or a larger number on the left.
Equalities hold in (3) if and only if x = 1.

The following extension of (3) holds:

Theorem. Ifx, y € (0,1) with x < y, then

e ¥ —xe /¥ eV —ye 1y

— 4

1< <

8
1—x e’

Proof. The second inequality shows us that the function
e — xe~ /X

flx) = , x€(0,1)

1—x

is an increasing function. Indeed, we have

F(x) = x(g(—") )

1-x)2’
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where

Let us note that the function

h(x) =2Inx—x+1/x
has the same sign as g(x). Further, we have (1) = 0 and

(x—1)2
xz2

H(x) = —

Thus, it is obvious that /' (x) < 0 and so & is a decreasing function
on (0,1). Hence & is positive on the same interval and therefore
g is positive. Now from (5), we have that f(x) is an increasing
function.
The first and third inequalities in (4) now follow from the follow-
ing result given in [3]:

e ¥ —xe /¥ 3 e™¥ — xe /¥

hm —_— = — and 111’1’1 — = 1.
x —1 1—x e x—0+ 1—x

Remark. It is clear that (3) is a special case of (4). Moreover, note
that the above proof is simpler than that given in [2].

Corollary 1. Let A and G be weighted arithmetic and geometric means
of real numbers x;(i = 1,...,n) such that x; € (0,1), i =1,...,n.
Then e G _Ge /G o A_pp /A 3

o

<
I<——F—(G —=——73-a <

Proof. Itis clear that 0 < G < A < 1 so that the Theorem is
applicable. O

Corollary 2. If A,B,C,D are positive numbers such that A/B <
C/D < 1, then

Be=A/B _ pe=B/A DeC/D _ ceD/C 3

S

1< BE_A < D_C <

(6)

Proof. The result is a simple consequence of the Theorem for x =
A/B, y=C/D. O
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Corollary 3. If0 < x; < %fori =1,2,...,n, notall x; equal, then (6)
still holds with either
n n
() A=[]x, B=[]1-x),

i=1 i=1
n

or

Proof. Both results are simple consequences of Corollary 2, the
arithmetic-geometric mean inequality, and the well-known Ky
Fan inequality ([5; p.5]):

n
[1

i | 2
—
—
I
R
N

—1 i
T < : )
(Sx)  [Ya-x)
i=1 i=1
with equality in (7) holding only if all x; are equal. O
Remark. Of course, if we write (7) in means form
1/n
n 1/n n
( [ xz') ( (1- xi))
i=1 < i=1 (71)

(1—x)

2
M
=

S| =
M=

i=1 i

we can give some further related results as applications of (6)
and (7).
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