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Edition 2022-3 We received solutions from Rik Biel, Brian Gilding and Pieter de Groen.

Problem 2022-3/A

1. Let n€Z>, and let f:R" -~ R" be continuous such that for all z € R"\{0} we have
| f(z)| <l|z| Write f™ for the mth iteration of £. Prove that
lim f™(z) = 0.
m — oo
2. Denote by 07 the Hilbert space of square-summable sequences of real numbers. Prove
that there exists a continuous map f : 0> — ¢% such that for all z € 0> we have | f(z) | <|z|
and for some a € 0> we have that {f"(a)}—, does not converge.

Solution This problem is solved by Brian Gilding, Pieter de Groen and partially solved by

Rik Biel. This proof is due to Brian Gilding.

1. It suffices to show that for all z € R" and € >0 there exists an m > 1 such that
|f™z)| < e. If|z|< g, this holds for m = 1. On the other hand, if |z |> ¢, then, by the
compactness of S ={z € R e <|z|<|xz|} and by continuity of f, the map S — [0,1)
given by z — | f(z)| / | z| attains a maximum &k € [0,1) on S. Hence, | f™(z)|< k™| z | for
all m > 1 for which |/ 1(z)| > e. This gives |f™(z)|< & for sufficiently large m.

2. Consider

f(-T) = (079(17$1)79(27$2)79(37»T3)7 ) forz = (.1‘1,1'2,.7}3, )1
where

_n(n+2)

glnt) = ot

For all z € (> we have f(z) € 0%, since g(n,-) is a contraction on R for every n > 1.
Moreover, for all z € 0?> we have |f(z)|<|z| with strict inequality if z# 0. Inas-
much f is linear, it follows that f:0>— ¢% is continuous. Defining ¢ = (1,0,0,0,...),
es = (0,1,0,0,0,...), e5 = (0,0,1,0,0,0,...) and so on,

mii-l ) i(m+i+1)

m . = y = — . y
™) ( ]gig(j,l) e+ = (it D)t §) for every m > lands > 1.

Thus, for all a € £2\{03}, {f™(a)};— has no accumulation points in ¢2.

Problem 2022-3/B

Prove that for every integer n there exists a finite group G such that n equals the number
of normal subgroups minus the number of non-normal subgroups.

Solution For a group G write s(G) = (a,b) where a is the number of normal subgroups
and b the number of non-normal subgroups of G. For all k € Z~( and p prime we have
s(Z/p*7) = (k+1,0), so for all n >0 we are done. For n =0 we notice that s(S5) = (3,3).
Claim. Let G, and Gy be finite groups of coprime order with s(G;) = (a;,b;). Then
s(Gy X Gy) = (ayay,a;by + agb; +b1by).
Proof. Let n=#G, and m =#G>. Then by Bézout there exist z,y € Z such that
an+ym = 1. Let HC G X Gy be a subgroup. For (g,h) € H we have

H5 (g,h)¥™ = (gv" h¥™) = (g 7™ 1) = (g, 1),

and similarly (1,2) € H. Hence H = H, X H, for subgroups H; € G;. Note that H is normal
if and only if H; is normal in G; for both 4. O

For n <0 it suffices to find a finite group G with s(G) = (a,b) and a —b=—1, since
s(GX (Z/p*7)) = (a(k+1),b(k+1)) and alk+1) —b(k+1) =— (k+1) for pt#G a prime
and k € Z>.
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Consider the semidihedral group
SDig=(a,z|a®=2=1,zaz ' =a®)=Csx Cy

of order 16. A subgroup H C SDy4 either contains a®, or is of the form {1} or (a*z)
for k€ Z/4Z. In the former cases we may interpret H as a subgroup of the quotient
SDyg/ (a*)= Dg with s(Dg) = (6,4), while in the latter case only {1} is normal. Hence
S(SDw) = (7,8)

Problem 2022-3/C

Olivia and Xavier play the game Connect Three on an infinite half grid on a sheet of paper.
The rules are as follows: Olivia and Xavier take alternating turns, starting with Olivia. In her
turn, Olivia draws an O in a square with no empty squares below. In Xavier’s turn, he twice
draws an X in a square with no empty squares below. Olivia wins if she gets three O’s in
a row, either horizontally, vertically, or, diagonally. Can Xavier prevent Olivia from winning?

O
XX
X|OX

Solution Yes. Represent the game board by Z X Z= . Then Xavier plays according to the

following rules:

1. Whenever Olivia plays (a,b) with @ = 0 (3) or b > 0, Xavier plays (a,b+1) and (a,b+ 2).

2. Whenever Olivia plays (a,0) with a # 0 (3), Xavier plays (v,0), where v > a is minimal
such that v #= 0(3) and (v,0) is empty. Moreover, Xavier plays (u,0), where v <a is
maximal such that « # 0 (3) and (u,0) is empty.

Let a € Z. One inductively shows that after Xavier’s turn

1. ifa =0(3), then column a has height = 0 (3), with (a,b) containing an x precisely when
b= 0(3);

2. if a # 0 (3), the column a is either empty or has height = 0 (3), with (a,b) containing
an X when b =2 (3).

By 1 and 2 no O will every be placed in a row b with b = 2 (3). Hence Olivia cannot obtain

a vertical or diagonal three-in-a-row. By 1 no horizontal three-in-a-row can be obtained in

a row b with b # 0 (3), while by 2 no horizontal three-in-a-row can be obtained in a row b

with b =0 and b > 0. Finally, note that it is impossible that (a,0) and (e + 1,0) both contain

an O for ¢ = 1(3). The first time Olivia plays in either of these squares, the other either

already contains an X, or it is empty, after which Xavier will play in it by rule 2. Hence

Olivia cannot win.



