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Edition 2020-2 We received solutions from Rik Biel and Thijmen Krebs.

Problem 2020-2/A (proposed by Hendrik Lenstra)

Let R be a ring, and write R[[X,X !]] for the set of formal expressions >
a; € R.
a. Suppose that R[[X,X !]] has a ring structure with the following three properties.
i. The sum is given by (2, ,; a:X')+ (2, biX') =2, _, (@i +b)X],
ii. For two formal power series in X, the product is the regular product of power series,
and likewise for two formal power series in X 1.
iii. For 1:= X%, we have X - X ' =1.
Prove that R is the zero ring.
b. Prove that for every ring R, there exists a ring structure on R[[X,X!]] satisfying prop-
erties | and Il.

a; X" with all

i€L

Solution We received a solution from Thijmen Krebs.
For part a, we calculate

(B () (E ) (5
(R

=0 1<0

=1 (igoXi) * <i§oXi> * <Z§0XZ> ' <z§0XZ>
= Tx( ZX(ZX)

= i>0 i<0
It follows that the formal power series ZieZXi equals 0, and in particular, 1 =0. Hence
R is the zero ring.
For part b, we define
< Z%XZ>< ZI%XZ) - ( Zaixix ZbiXi>+< ZaiXZ)( ZbiXZ)— b
iez iez i=0 i=0 i<0 i<0 %%0-
This satisfies property (i), has multiplicative identity 1, and is associative and distributive
because multiplication in R[[X]] and R[[X !]] is associative and distributive.
Note that this ring is isomorphic to R[[X,Y]]/(XY).

Problem 2020-2/B (proposed by Onno Berrevoets)

Let n =1 be an integer, and let py,...,p,—1 be pairwise distinct prime numbers. Suppose
that (vy,...,0,) " € Z" is a non-trivial element of the kernel of

1Pt 9Pt g1
1P2 9P2 . pP2
1Pn=19Pn=1 = pPn-1

Prove that

9 n—1
> .
ml?xlvkl “nitn iljlpZ'

Solution We received no solutions. The proof provided is by Daan and Onno.

Suppose by contradiction that max;|vg|< n22+n *Hipi' For every 7 the i-th row vec-
tor equals (1,2,...,n) modulo p;, hence 2, kv, = 0mod p; for every 4. It follows that
2, kv =0mod [1, p;, and thus 2, kv, =0 by the assumed inequality on max|ve|. We
conclude that (1,2,...,n) is perpendicular to (v,...,v,). Now (v, ...,v,) " is in the kernel of

the matrix.
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1 2 .n
1P 9P

172 9P2 pP2
Pn—19Pn—1 Pn—1
1 2 .om

Hence, this matrix is singular, and the rows are thus linearly dependent over Q. Let
S={1p.p,....pn—1} and let (1) s 5 € Q" be such that

2 A:(15,25 %) = (0,0,...,0).

ses
Then the non-zero polynomial ZSASXS has roots 1,2,...,n and at most n non-zero coeffi-
cients.

We claim that such a polynomial does not exist. More precisely, we claim that any
non-zero polynomial in R[X] with at least n distinct positive roots has at least n + 1 non-ze-
ro coefficients. We do this by induction.

The case n =0 is trivial. For N > 0, assume by induction that any non-zero polynomial
with at least N—1 distinct positive roots has at least N non-zero coefficients. Suppose
that f is a non-zero polynomial with at least N positive roots. Without loss of generality,
assume the constant term of f is non-zero (dividing by X does not change the number of
terms or the number of positive roots of f), and moreover, f is non-constant. Suppose f
has positive roots a; < ay < --- < ay. Then the derivative of f has a positive root between
a; and a; 4 for all 4 €{1,2,....N—1}, so it has at least N—1 distinct positive roots. By
the induction hypothesis, it has at least N non-zero coefficients. Since f had a non-zero
constant term by assumption, it follows that f must have had at least N+ 1 non-zero
coefficients to begin with.

This proves the claim, and shows in particular that there is no non-zero polynomial with
at most n non-zero terms with roots 1,2,...,n. This contradiction shows that we cannot

have max; | vk | < n22+n *I1, pi» as was to be shown.

Reinier Sorgdrager and Jim Wittebol provided solutions to all exercises of the June 2020
problem section. Their solution to Problem B mentions an interesting property of square
submatrices of Vandermonde matrices:

Solution The matrix

12t 2P ... b1
M=| 1P2 2P2 ... pP2
1Pn-1 9Pn—1 ... pPn-1

is a square submatrix of a Vandermonde matrix with distinct positive eigenvalues. A prop-
erty of such matrices is that they are invertible. Some details can be found on https://math.
stackexchange.com/questions/1781867/.

The vector v is non-trivial, so it does not lie in the kernel of M. Hence Z:Zlkvk #0.
Reducing modulo p;, we find that p; | Z:zlkvk forall i € {1,2,...,n—1} and therefore

n—1
> [p;.

+1
(n )max|vk|2
k i=1

2

n
2 kv,
k=1

Note from the editors: Since there are some details missing on proving this interesting
property of square submatrices of Vandermonde matrices with distinct positive eigenval-
ues, we do not consider this a complete solution. Finding said details however is a good
reason to look into Schur polynomials.
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Problem 2020-2/C (proposed by Onno Berrevoets)

Let n,m,k > 2 be positive integers. n students will attend a multiple-choice exam contain-

ing mk questions and each questions has k possible answers. A student passes the exam

precisely when he/she answers at least m + 1 questions correctly.

a. Suppose that n = 2k. Show that the students can coordinate their answers such that it
is guaranteed that at least one student passes the exam.

b. Suppose that n» = 2k — 1. Does there exist a k£ for which the students can coordinate
their answers such that it is guaranteed that at least one student passes the exam?

Solution We received solutions from Rik Biel and Thijmen Krebs. This solution is based on
the one by Thijmen.
We describe a strategy for the students by giving mk ordered partitions of {1,...,n} into k
parts, indicating that student s picks answer a on question ¢ if and only if s is in the a-th
part of the ¢-th partition.

For part a, we take

{1,2},{3,4},...,{n—1,n} (first mk — 1 questions),
{2,3},{4,5},....,{n,1} (final question).

Note that student 2¢ is in the ¢-th part of each partition, and that student 2i —1 is in the
i-th part of each partition except the last, in which case she is in the ¢ — 1-th part (taken
cyclically). In other words, student 2i answers ¢ on each question, while student 2;—1
answers 7 on all but the last question, on which she answers i — 1.

The only way in which none of the students passes on the first mk —1 questions is if
all but one of the student pairs {2 — 1,2} get exactly m correct answers and the final pair
gets exactly m — 1 correct answers on these questions. Assuming this is the case, then if
the correct answer to the final question is ¢, we find that both students 27 and 2i+ 1 get
another correct answer, and at least one of these two already had m correct answers on
the first mk — 1 questions. Thus, at least one student passes.

For part b, there exists such k if k£ > m + 2. Take

{1,2},{3,4},....An—2,n—1},{n} m(k—1)—1times,
{2,3},{4,5},...{n—1,1},{n} m+ 1 times.

Without loss of generality, we assume student = is correct on the first ¢ questions and
the last m —4 questions with 0 < i <m; if she is correct more often, we are done, and
otherwise, the situation can only improve for the remaining students. Then there are
m(k—1) — (i + 1) questions of the first kind and 1 <i+ 1 <k—1 questions of the second
kind for the other students to score points on. On each of these questions, precisely two
students score points, for a total of 2m(k—1) points distributed over 2(k—1) students.
This means that no student passes if and only if each student scores exactly m points.

The only way to avoid passing a student on the remaining m(k—1) — (i + 1) questions
of the first kind is for no fewer than k—1— (i + 1) of the k— 1 pairs {1,2},....,{n—2,n— 1}
to have exactly m correct answers; otherwise, the total number of questions of this kind
can at most be (k—1—(:+2))m+ (i +2)(m—1) =m(k—1) — (:+2). The remaining i+ 1
pairs have in total 2(( +1)m — (¢ + 1)) correct answers. In particular, since1 <i+1<k—1,
there is at least one pair of students with exactly m points and at least one pair with strict-
ly less than m points scored on the questions of the first kind. Working cyclically, we can
therefore assume that the pair {2j — 1,2/} has exactly m correct answers and {25+ 1,2j + 2}
has strictly less than m correct answers in questions of the first kind. We find that stu-
dent 2j cannot have any correct answer in the final questions, and since she answers in
the same way as student 2j+ 1, neither can student 2j+ 1. But then student 27+ 1 will in
total score strictly less than m points, meaning that at least one other student will score
strictly more than m + 1 points. In other words, this strategy guarantees that at least one
student passes.



