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Edition 2010-2 We received submissions from Pieter de Groen (Brussel), Alex Heinis
(Hoofddorp), Thijmen Krebs (Nootdorp), Julian Lyczak (Odijk), Tejaswi Navilarekallu
(Amsterdam), and Sep Thijssen (Nijmegen).

Problem 2010-2/A Show that for every positive integer n and every integer m ≥ 2, we
have ∑

1 ≤i≤n
m - i

blogm(n/i)c = bn/mc.

Solution This problem was solved by Pieter de Groen, Alex Heinis, Thijmen Krebs, Julian
Lyczak, Tejaswi Navilarekallu, and Sep Thijssen. The book token goes to Julian Lyczak.
Since every integer k has a unique representation k = ime with m - i, the function

{(i, e) ∈ Z 2 : m - i, 1 ≤ i ≤ n, 1 ≤ e ≤ logm(n/i)} → {k ∈ Z : 1 ≤ mk ≤ n}

given by

(i, e) 7→ ime−1

is a bijection. From this the claimed identity follows at once.

Problem 2010-2/B Let b ≥ 2 be an integer. We let σb(n) denote the sum of the digits in
base b of the integer n. Show that we have

lim
n→∞σb(n!) = ∞.

Solution This problem was solved by Thijmen Krebs and Sep Thijssen. The book token
goes to Sep Thijsen.
First note that for all integers m, n ≥ 1 we have σb(m) +σb(n) ≥ σb(m + n), because this
is true when m and n are digits. Let k ≥ 1 be an integer and let σbk (n) denote the sum of
the digits in base bk of the integer n. Then for any integer n = ∑ j n jb jk with 0 ≤ n j < bk

we have

σb(n) = ∑
j

σb(n j) ≥ σb
(
∑

j
n j

)
= σb(σbk (n)).

We show by induction that for every multiple n of bk − 1 we have σb(n) ≥ k(b − 1).
For n = bk − 1 equality holds. Assume n > bk − 1 is a multiple of bk − 1. Then also
σbk (n) < n is a multiple of bk − 1, so we have

σb(n) ≥ σb(σbk (n)) ≥ k(b− 1)

by the induction hypothesis.
For n large enough, the integer n! is divisible by bk − 1, so we have σb(n!) ≥ k(b− 1). We
conclude

lim
n→∞σb(n!) = ∞.

Problem 2010-2/C Two players play a game of n-in-a-row on an infinite checkerboard.
The first player plays with white pieces, the second with black pieces. On each move



295 295

295 295

Problemen NAW 5/11 nr. 4 december 2010 295

Op
lo

ss
in

ge
n So

lu
ti

on
s they place one piece on an empty square. The first player to have n consecutive pieces in

a row or column wins. For which values of n is there a winning strategy for one of the
players?

Solution This problem was solved by Thijmen Krebs. He receives the book token and the
solution shown here is based on his submission.
Let us first note that the rules are so that having an extra piece on the board is never a
disadvantage. Hence by strategy-stealing, White can at least draw the game for any n.
Let us also note that for n ∈ {1, 2, 3}, White has an easy win in n moves.
The next thing we will show is that for n ≥ 5, Black can force a draw. To do this, we
partition the checkerboard in domino-shaped subsets, by repeating the following pattern:

If White places a piece on the board, Black can respond by playing in the same ‘domino’.
This way, any 5 consecutive pieces in a row or column will always contain both a black
and a white piece, so neither player will win.
Let us thus assume n = 4. We will show that White has a winning strategy. A posi-
tion with 3 consecutive white pieces having empty squares on both ends, but without 3
consecutive black pieces elsewhere on the board, can trivially be won by White:

We will now write down a winning stragegy for White by means of a game tree. The
moves are written down by the letter ‘W’ or ‘B’, indicating whose turn it is, followed by
coordinates in Z 2. Without loss of generality, we may assume that White’s first move is
W(3, 3) and that Black’s first move is B(x0 , y0) with x0 ≤ y0 ≤ 3. We will only list those
black moves that prevent White from immediately being able to reach either 4-in-a-row
or the type of winning position described above. With this in mind, the following table
describes a full winning strategy for White:

Winning strategy for White, starting with W(3, 3)

If Black plays B(2, y0):

W(3, 2) B(3, 1) W(3, 4) B(3, 5) W(2, 4) B(1, 4) W(4, 4) B(5, 4) W(4, 5−y0)
B(4, 4) W(1, 4) B(0, 4) W(1, 5−y0)

B(3, 4) W(3, 1) B(3, 0) W(2, 1) B(1, 1) W(4, 1) B(5, 1) W(4, 5−y0)
B(4, 1) W(1, 1) B(0, 1) W(1, 5−y0)

If Black plays B(x0 , y0) with x0 ≤ 1 and y0 ≥ 2:

W(3, 2) B(3, 1) W(3, 4) B(3, 5) W(4, 4) B(x, 4) W(4, 5−y0)
B(3, 4) W(3, 1) B(3, 0) W(4, 1) B(x, 1) W(4, 5−y0)

If Black plays B(x0 , y0) with y0 < 2:

W(3, 4) B(3, y) W(4, 3) B(x, 3) W(4, 4)


