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Edition 2006/3
For Edition 2006/3 we received submissions from N. Hekster, Jinbi Jin, C.Jonkers, R.A.
Kortram, and Peter Vandendriessche. The solution of problem 2006/3-C will be pub-
lished in the June issue.

Problem 2006/3-A Evaluate ∫ 1

0

log(x + 1)
x2 + 1

dx.

Solution This problem was solved by Jinbi Jin, C.Jonkers, R.A. Kortram, and Peter Van-
dendriessche. The solution below is based on that of Peter Vandendriessche.
Substitute x = tan(t), then the integral can be written as

I =
∫ 1

0

log(x + 1)
x2 + 1

dx =
∫ π

4

0
log(1 + tan t)dt.

Substitute t = π
4 − s, then we get

I =
∫ 0

π
4

log
(

1 +
1 − tan s
1 + tan s

)
(−ds) =

∫ π
4

0
log

(
2

1 + tan s

)
ds =

π

4
log 2 − I,

hence I = π log(2)
8 .

C. Jonkers remarks that this exercise was also published in work of F. Frenet as well as
in Aufgabensammlung zur höheren Mathematik of N. M. Günter and R. O. Kusmin, (ISBN
978-3-8171-1641-6).

Problem 2006/3-B
1. Find an integer n (as small as possible) and rational numbers a1 , . . . , an such that√

10 + 3
√

11 =
n

∑
i=1

√
ai .

2. Find an integer n (as small as possible) and rational numbers b1 , . . . , bn such that
3
√

3
√

2 − 1 =
n

∑
i=1

3
√

bi .

Solution This problem was solved by R.A. Kortram and N. Hekster. The solution below
is based on that of R.A. Kortram.
1. It is a simple matter to verify the identity

√
10 + 3

√
11 =

√
9
2 +

√
11
2 . It is also clear

that there is no rational number a such that
√

10 + 3
√

11 =
√

a, because the existence of
such a number a would imply that 10 + 3

√
11 = a, i.e.

√
11 ∈ Q ; clearly a contradiction.

Thus, the smallest possible integer n is 2.
2. From the trivial identity ( 3

√
2 + 1)3( 3

√
2− 1) = 3, we derive that

( 3
√

2 + 1) 3
√

( 3
√

2 − 1) = 3
√

3 ,
and after multiplying both sides by 3

√
4− 3

√
2 + 1, we obtain

3
3
√

3
√

2 − 1 = 3
√

3( 3
√

4 − 3
√

2 + 1) .

Thus, 3
√

3
√

2− 1 = 3
√

1
9 + 3

√
− 2

9 + 3
√

4
9 .

Now assume that there exist rational numbers a and b such that
3
√

3
√

2 − 1 = 3
√

a + 3
√

b.
Raising both sides of this identity to the third power leads to

3
√

2 − 1 = a + b + 3 3
√

ab( 3
√

a + 3
√

b) = a + b + 3 3
√

ab(
3
√

3
√

2 − 1).

This implies that 3
√

2 − (a + b + 1) = 3 3
√

ab( 3
√

3
√

2− 1). Raising both sides to the third
power shows that 3

√
2 satisfies an equation of degree 2 over Q :

3(a + b + 1)( 3
√

2)2 − (3(a + b + 1) − 27ab) 3
√

2 − 2 − 27ab + (a + b + 1)3 = 0.

Since 3
√

2 has degree 3, all coefficients must be zero, i.e.

(a + b + 1) = 0 3(a + b + 1) − 27ab = 0 (a + b + 1)3 − 27ab − 2 = 0 ,

which is clearly impossible.



Problem 2006/3-C
Consider the triangle ABC inscribed in an ellipse. For given A the other vertices can

be adjusted to maximize the perimeter. Prove or disprove that this maximum perimeter
is independent of the position of A on the ellipse.

1 Solution

We received two submissions to this problem, one incorrect. The problem was solved by
Jaap Spies, who remarked that it is a classical result, based on the Poncelet theorem, to
be found in Darboux [1] Livre III, Chapitre III, Part 176 (see Appendix).

The statement of the problem follows from the Theorem of Chasles, which is given
below. For a modern proof of this theorem, we refer to Berger [2], p. 243.

Theorem 1.1 Let C be an ellipse and n ≥ 3 an integer. Among the convex polygons with
n distinct vertices inscribed in C, there exist infinitely many with maximal perimeter. In
fact, one vertex of such a maximal perimeter polygon (MPP) can be chosen arbitrarily on
C. Furthermore, the sides of all n-vertex MPP’s are tangent to the same ellipse C ′

n, which
has the same foci as C.

Jaap Spies remarks that Lion [3] includes a proof that is independent of Poncelet’s Theorem.
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2 Appendix

A reprint of the pages of Darboux [1], containing the result.
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