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of Margulis, though it would have been a 
very worthy cause in the context of his im-
mense success, not only in terms of rec-
ognitions he has received, the Abel Prize 
being the latest feather in his cap, but also 
his bringing new direction and horizons 
to the broad area of ergodic theory and 
dynamics, transforming it radically, which 
would count for more for a future historian 
of mathematics. Here is however a feeble 
attempt to jot down my thoughts on our 
period together, that would hopefully be-
come in some measure a part of a larger 
narrative at some stage.

The Oppenheim conjecture
While there are many layers to our math-
ematical relationship, it is the work on 
the Oppenheim conjecture that somehow 
stands out as a defining feature. The 
conjecture goes back to a 1929 paper of 
A. Oppenheim where it was proposed that 

precise status regarding comparisons in 
this respect, my identity as one of Mar-
gulis’s principal collaborators has had a 
long life in public memory, and I often find 
people looking up to me in that spirit. Un-
fortunately the story underlying this con-
cerns only a relatively short period, and 
more importantly relates only to the specif-
ic area around the Oppenheim conjecture 
and what has now come to be called ho-
mogeneous dynamics; I find the latter part 
a major limitation, though of course the 
area has been an important component of 
our respective profiles. As such find my-
self quite inadequate for instance to take 
on the role of a ‘mathematical biographer’ 

In 2006, on the occasion of Margulis turn-
ing 60, a conference was held at the Yale 
University, which I had the good fortune 
of being able to participate in, and in the 
course of my talk I made a reference to my 
being the collaborator of Margulis with the 
maximum number of joint papers with him. 
Though I believe I said it with a casual air, 
I knew it signified a lot, to me as also to 
others. Later that day Margulis mentioned 
to me, with no comment of his own, that 
G. A. Soifer had said to him that my asser-
tion is not true and that he holds the claim. 
I remember looking into it and confirming, 
and telling Margulis, with some argument, 
that my statement did hold. Whatever the 
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er perspective, but covering also the early 
works insightfully, I strongly recommend to 
the reader the paper [13] of Margulis, which 
has been aptly titled simply as ‘Oppenheim 
conjecture’. In the opening paragraph the 
author states: “The different approaches 
to this and related conjectures (and theo-
rems) involve analytic number theory, the 
theory of Lie groups and algebraic groups, 
ergodic theory, representation theory, re-
duction theory, geometry of numbers and 
some other topics. A comprehensive survey 
of the methods related to the Oppenheim 
conjecture is thus a long story.” Indeed, 
the story unfolds beautifully through the 
article.

The approach of the proof
One of the crucial ingredients in the sub-
sequent complete proof of the conjecture 
by Margulis is what is called the Mahler 
compactness criterion.1 The approach in-

Oppenheim conjecture. Let Q be a non-
degenerate indefinite irrational quadratic 
form in n 3$  variables and let
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There is seen to have been consider-
able enthusiasm among number theorists 
for decades since its formulation, and nu-
merous partial results were proved under 
various additional conditions involving a 
lower bound on the number of variables, 
or the signature of the form, or the struc-
ture of the form (e.g. diagonal form). The 
attention received by the problem is apt-
ly illustrated by the survey article by D. J. 
Lewis [10], from 1973, covering the results 
obtained until the early 1970s.

For an enlightening account of the his-
tory of the results and methods from a lat-

if Q is a real nondegenerate indefinite qua-
dratic form in n 5$  variables which is not 
a scalar multiple of a form with rational co-
efficients (to be briefly referred to as ‘irra-
tional’), then ( )Q x  takes arbitrarily small 
values, as x runs over the set of all nonze-
ro integer n-tuples. It may be recalled that 
for such a form with rational coefficients, 
by Meyer’s theorem there in fact exist non-
zero integer n-tuples at which the value 
is zero, which apparently inspired the pre-
ceding statement, as well as the condition 
n 5$ . It was realized later that in the case 
of irrational forms the same should hold 
for n 3$ , and in particular this was stated 
as conjecture for diagonal forms in a paper 
of Davenport and Heilbronn in 1946. That 
the corresponding statement is not true 
for n 2=  is a simple consequence of the 
existence of what are called badly approx-
imable numbers. In the sequel we shall 
thus understand the conjecture to be:

Gregory Margulis
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1987. I remember receiving a preprint in 
August 1987, with a clear and detailed 
proof, which later appeared in published 
form in 1989. A somewhat stronger form 
of the conjecture as mentioned above was 
proposed by Oppenheim in a 1952-paper, 
according to which for Q as in the earlier 
statement, for every 02e  there exists an 
integral n-tuple x such that Q x0 1 1 e] g  
(the first inequality is additional). Armand 
Borel mentions in [1]: “When informed 
(by the author, October 1987) of the fact 
that the Oppenheim conjecture was a 
slightly stronger one, he [Margulis] quick-
ly completed his argument ...” The latter 
appeared in [11].

Visiting the Max Planck Institute
It is common knowledge that as a Jewish 
mathematician in the former Soviet Union, 
Margulis faced discrimination in various 
ways and in particular could not be pres-
ent at ICM-1974 at Helsinki to receive the 
Fields Medal that he was awarded that 
year. For an illuminating account around 
this the reader is referred to [14]. I may 
mention here that I found Margulis sur-
prisingly devoid of bitterness or rancor 
on the count, seemingly attributing it to 
general inefficiency of the administrative 
systems in the USSR of the time — but, 
of course, my contact with him was well 
over a decade and half after the events 
in question.

By the late eighties the situation had 
changed substantially for better and Mar-
gulis was able to visit many institutions 
in the west. In particular in 1988 he was 
visiting the Max Planck Institute, Bonn, 
and he arranged with the help of Günter 
Harder, for me to visit there for a month. 
That period happens to be one of the 
most memorable ones of my life. At the 
Tata Institute and various other institutions 
of learning that I had the opportunity to 
visit by then, I had of course come face 
to face, and there were also mathematical 
interactions and socializing, with many il-
lustrious mathematicians, but I was never-
theless quite overwhelmed by the weight 
of the situation that I was closeted with a 
Fields Medalist of yore who had now also 
solved a problem that I had prized, speci-
cally for the purpose of research collabora-
tion. Margulis however put me completely 
at ease from the very first moment. I had 
at that time some results on minimal sets 
and it turned out that using them we could 

the more general framework of algebraic 
numbers; (see [15, 16] ). My wife, Jyotsna 
Dani, did her doctoral work with Raghavan. 
At the early stages of her work I had a joint 
paper with her, in the direction which later 
turned into the topic of the thesis, which 
was inspired by a suggestion of Raghavan. 
Referring to her thesis paper Raghunathan 
states in [17]: “Around this time Jyotsna 
wrote a paper on the density of certain 
subsets of the R-points of a vector space 
over a finite dimensional central division 
algebra over Q. During some discussions 
about the paper with Dani, I realised that 
the question dealt with had a larger con-
text and I suggested that one should look 
at orbits of horocycles in homogeneous 
spaces of finite Haar measure of semi- 
simple Lie groups.” Actually he specifically 
suggested that the closures of orbits of un-
ipotent one-parameter subgroups on /G C, 
where G is a Lie group consisting of R 
points of a semisimple algebraic group and 
C is a lattice in G, ought to be closed or-
bits of possibly larger subgroups of G, and 
pointed out how it would give a proof of 
the Oppenheim conjecture. I vividly remem-
ber his words, I may add, conveyed partly 
in jest, sitting on an office table with legs 
dangling, “call it my conjecture and prove 
it”.3 I complied with the first part, in [3], 
where I found a suitable context in terms of 
the theme involved.4 If my understanding is 
correct Margulis became aware of the con-
jecture and the approach that was being 
proposed, before a written version of [3] 
materialized (even as a preprint), through 
another colleague, Gopal Prasad.

The news about the proof
The conjecture is known to have been 
proved by Margulis in 1984; the news 
spread rather slowly in those pre-email 
days, largely by word of mouth, and a few 
letters by post. I remember listening to 
a purported sketch of the proof, perhaps 
third or fourth hand in a chain involving 
David Kazhdan near the other end, in 1985 
I think; what was described was hardly 
clear to me, and did little more than in-
stilling a belief that a proof was indeed 
in place; curiously, and disappointingly, 
no details are found in [13] (which would 
have been a natural place to look for 
them) of any intermediate stages, and 
only published papers are mentioned and 
referred to, beginning with the Comptes 
Rendus announcement that appeared in 

volved in Margulis’s proof of the conjec-
ture consists of considering the action on 
the homogeneous space , / ,SL SL3 3R Z^ ^h h 
by ,SO 2 1^ h (by multiplication on the left) 
and exploiting the fact that in view of the 
Mahler criterion the Oppenheim conjecture 
is essentially equivalent to the statement 
that every orbit of the ,SO 2 1^ h-action 
which is contained in a compact subset 
of , / ,SL SL3 3R Z^ ^h h is compact. The initial 
understanding was that application of the 
Mahler criterion to the problem at hand, 
and even considering the issue in terms 
of lattices, is a phenomenon of the 1970s 
(more on this later), an important message 
in [13] is that these ideas are found, at 
least in a germinal form, in a 1955 paper of 
J. W. S. Cassels and H. P. F. Swinnerton-Dyer. 
Margulis recalls a good deal of details 
from the paper to bring out the point.2 
Referring to the equivalent condition in 
the group-theoretic framework as above 
Margulis comments “... in implicit form 
this equivalence appears already in Sec. 
10 of [CaS] (and, in fact, is used to prove 
some of the results of the paper [CaS]).” 
(Here [CaS] refers to [2], the 1955 paper 
by Cassels and Swinnerton-Dyer.) Margu-
lis then notes that as that paper did not 
use the language of the theory of dynam-
ical systems, for a long time the relation 
between the Oppenheim conjecture and 
problems in dynamical systems remained 
unknown to people studying group actions 
on homogeneous spaces, and that this 
changed when M. S. Raghunathan redis-
covered the connection in the mid-sev-
enties. He notes also that he was himself 
inspired by Raghunathan’s observation, to 
follow the homogeneous space approach 
that lead him eventually to establishing 
the validity of the conjecture.

Interestingly M. S. Raghunathan, who 
was my thesis advisor at the Tata Institute 
of Fundamental Research, has no paper on 
the topic. The connection attributed to him 
as above was first noted in my paper [3], 
together with a more general conjecture 
proposed by him (and a related conjec-
ture of my own). A few words regarding 
the overall context around this may be in 
order here. I should begin by mentioning 
that the ‘Oppenheim conjecture’ was very 
much a topic of general mathematical chat 
at the Tata Institute during the early 1970s, 
with the number theorist colleagues K. G. 
Ramanathan and S. Raghavan having made 
contributions related to the conjecture, in 
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lated by Margulis for actions of a larger 
class of subgroups, than the unipotent 
one-parameters subgroups for which I had 
originally recorded it.

Indo – Soviet exchange program
Around this time there were also positive 
developments with regard to scientific 
exchanges with the USSR on the eastern 
front, and especially between India and 
USSR, which was to play a beneficial role 
towards continuation of our collaboration. 
An Indo – Soviet exchange programme had 
been set up, between the Department of 
Science and Technology of the Government 
of India on the Indian side and the USSR 
Academy of Science on the other side. And 
the person in-charge of the programme for 
mathematics from India was none other 
than my former teacher and colleague at 
TIFR, and the very spirit behind the conjec-
ture I was after, M. S. Raghunathan. Thus 
it was a simple matter to wrangle for me 
to visit the USSR for a month, and subse-
quently also a visit by Margulis to the Tata 
Institute.

It was thus that I landed in Moscow in 
the winter of 1988–89 to be with Margulis 
for the second time. I was put up in the 
residency of the USSR Academy of Science 
which also housed at the time many In-
dians working in other areas of Science. 
While this brought some comfort in the 
cold and depressing weather, it also ex-
posed me to some collective grumbling 
that the Academy was exploiting the ex-
change programme to put to use its facil-
ity which was otherwise unusable in the 
winter. Many of them felt short-changed to 
have had to undertake the visit during the 
period.7 As for myself, I would not have 
wanted to wait for good weather, given 
what was on my mind.

In Moscow I never got to see Margulis’ 
office at, or even the general premises of, 
the Institute of Information Transmission, 
which finds much mention in writings on 
Margulis as a not so coveted academic 
institution to which he got consigned to, 
which nevertheless proved beneficial on 
account of exposing him to a problem on 
graphs related to information transmis-
sion that he beautifully solved.8 Margulis 
would visit me regularly at the residency 
and we would discuss our mathematics in 
my room there. In a way this suited me 
well, given the cold weather outside, but 
it gave a bit of a strange feeling that I was 

that it is essentially a matter of rescaling, 
and indeed it was, when viewed in a cer-
tain way.

The task of writing out the result was 
upon me. This was still before the days 
when computers began to serve mathema-
ticians as tools for keying in and editing 
their papers. Though apparently word-pro-
cessors of some kind did exist I had nev-
er had the opportunity to set my eyes on 
one. The route to birth of a preprint went 
through a handwritten manuscript, to be 
passed on to a secretary / typist for type-
writing it. The manuscripts themselves 
needed to be rewritten several times, since 
while the scope for editing a version, and 
perhaps more honestly the need for it on 
account of finding things unsatisfacto-
ry or erroneous, is often unbounded, the 
amount of editing a handwritten version 
can take in while still remaining compre-
hensible (and acceptable) to one’s typist, 
is quite limited. The step of producing a 
satisfactory version was completed after 
returning to the Tata Institute; the paper 
reached the editors of Inventiones Math-
ematicae on 17 November 1988, and was 
published in 1989. In the meantime an 
announcement of the result with a short 
sketch of proof was also published in 
Comptes Rendus. Our result in the paper 
marked a certain convincing step between 
the Oppenheim conjecture and the Raghu-
nathan Conjecture, or more accurately its 
generalized version which was later formu-

strengthen the theorem proved by Margu-
lis and its application to the Oppenheim 
conjecture.5 At some point when it became 
clear that we had landed on something 
worthwhile Margulis declared we should 
write it up for publication. Having been 
aware of some Russian works in which the 
author names were not in the alphabetical 
order, I remember asking Margulis in what 
order our names are to appear as authors, 
and being relieved by his reply, conveyed 
in all simplicity!

The month was hectic and I do not recall 
doing any sightseeing in Bonn during that 
visit (I may hasten to add that it was not 
my first visit there, so it did not bother me 
much). Various details had to be worked 
out. It was impressive to see Margulis ad-
dressing issues that arose along the way. 
It was not always easy to understand the 
solutions he offered at various stages. This 
was usually on account of the intricacies of 
his thought process, but sometimes also 
on account of linguistic issues. I remember 
once on our way to lunch I was mention-
ing to him a difficulty with a step in our 
plan and he kept insisting there is no dif-
ficulty — it is a case of “what is it called”, 
he said, trying to indicate what he meant 
by gestures, and then by way of a clue 
added “what you have for a map”. I tem-
porarily gave up, as we were approaching 
the lunch place6, saying I will think it over. 
Only hours later I realized that the word 
he meant was ‘scale’ and he meant to say 

Gregory Margulis with Armand Borel and David Kazhdan at the 2001 conference in honour of Raghunathan’s 60th birthday.
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es, akin to that for the Oppenheim conjec-
ture, has been a theme involved in much 
subsequent work, and has brought more 
Fields medals to the area, even as in its 
complete form it remains unsolved as yet.

The Göttingen connection
I had the opportunity to spend the aca-
demic year 1990–91 and also the follow-
ing summer of 1991, in Göttingen, at the 
invitation of Manfred Denker, under Son-
derforschungsbereich-170, a special pro-
gramme in Germany at that time aimed 
at promoting advanced research. Actually 
much of the year went by with my focusing 
on my other mathematical love, the theory 
of probability measures on groups. How-
ever, for the summer I was able to have 
a visit of Margulis to Göttingen arranged 
under the programme, and this made a big 
difference.

By this time the scenario around the 
Oppenheim and Raghunathan conjectures 
had changed dramatically, with the Ra-
ghunathan conjecture having been proved 
by Marina Ratner, in her landmark work. 
During the year Shahar Mozes and I had 
thought of some ideas on how Ratner’s 
theorem on uniform distribution of trajecto-
ries of unipotent one-parameter subgroups 
may be applied to get some quantitative 
results related to the Oppenheim conjec-
ture. However, Margulis came up with the 
crucial insight that rather than uniform dis-
tribution of individual trajectories, which 

dana khichadi which I thought would be 
a good choice, as it had some similarity 
with a snack I had in Russia. I warmed it 
up in our microwave and put it in a plate 
for serving to him. Even as I was readying 
the dish I had a feeling that something was 
not quite right, but not finding any alterna-
tive I served it for him, and a small portion 
for me to keep him company. On returning 
home my wife informed me that that stuff 
was never supposed to be warmed in a mi-
crowave, as it becomes chewy, and should 
have been warmed on a pan, over a bit 
of butter — one lives and learns; fortunate-
ly none of such home stuff is known to 
turn toxic by such misadventures. Margulis 
however finished the plateful clean, show-
ing no sign of disapproval, and our discus-
sions on the problem at hand proceeded 
unmindful of the parallel event!

ICM at Kyoto
In 1990 Margulis was invited to give a ple-
nary talk at the ICM in Kyoto. This evident-
ly gave him an occasion to reflect com-
prehensively on the developments in the 
topic and put the newfound knowledge 
and ideas in perspective. The formulations 
and conjectures that he put out in the talk 
and the associated article have played 
a major role in orienting subsequent re-
searches on the topic. The Littlewood con-
jecture which is one of the problems which 
he highlighted, together with an approach 
based on dynamics on homogeneous spac-

unused to. Our endeavour during this time 
was to try and apply Margulis’s technique 
in the proof of the Oppenheim conjec-
ture to make further progress towards the 
Raghunathan conjecture. We set out with 
the case of the action of what we called 
the generic unipotent one-parameter sub-
groups of ,SL 3 R^ h (viz. those for which the 
set of fixed points in R3, under the natural 
action, is one-dimensional), acting on the 
homogeneous space , / ,SL SL3 3R Z^ ^h h. We 
were able to establish the Raghunathan 
conjecture for these one-parameter sub-
groups. From the results we could deduce 
existence of solutions of inequalities as in 
the Oppenheim conjecture for a ternary 
quadratic form, which are at the same time 
near to a plane passing through the light 
cone of the quadratic form. As the work-
out seemed rewarding enough in itself, it 
was turned into a paper. The work on the 
paper was however completed only during 
the subsequent visit of Margulis to Mumbai 
in March 1989, and the paper submitted in 
June 1989.

During the Moscow visit I had the priv-
ilege of visiting Margulis’s home, and en-
joying a lovely dinner and warm hospitality 
extended by him and his wife. On the day 
of my departure Margulis came to the resi-
dency to see me off. When everything was 
packed and I was all set to start to leave 
for the airport, Margulis mentioned to me 
a Russian custom that when you are ready 
and setting out on a journey you should sit 
and rest peacefully for a few moments. This 
I found rather interesting, and I often find 
myself putting it into practice since then.

An undemanding guest
Margulis’s visit to India in March 1989, 
mentioned above, was for me mathemat-
ically just a continuation of our previous 
meeting, but at a personal level it greatly 
highlighted how simple and undemanding 
a guest he was, in terms of services at the 
accommodation and food habits. One day 
when I met him at the guest house I real-
ized that he had somehow missed break-
fast. I lived close by so I took him home. 
My idea was that my wife will fix some-
thing for him (regrettably I have been a 
typical Indian male), but on reaching home 
I found that she had been out. After an 
uncomfortable wait (there were no mobile 
phones then to ascertain the status) I de-
cided to find something in the fridge and 
warm it up for him. I found some sabu- M.S. Raghunathan, author of the Raghunathan conjecture.
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major landmark in the developments along 
the Oppenheim conjecture.

Much progress has been made in the 
area both in terms of broadening the 
scope and strengthening the results about 
values of the quadratic forms, the issue 
of effective versions, as well as the paral-
lel problem of the Littlewood conjecture. 
Various ideas involved in the study have 
been applied fruitfully, after suitable gen-
eralizations, to problems in Diophantine 
approximation on manifolds, inspired by 
the Sprindzuk conjecture, in which also 
Margulis has played a major role. It would 
however make a much longer story beyond 
the scope of this narrative. While Ratner’s 
work on invariant measures has provided 
a good deal of fuel for the activity, insights 
of Margulis have given it the drive and 
multiple directions to encompass a wide 
arena, transforming it beyond recognition.

I have also had the pleasure to contrib-
ute a bit of my own, and drawing some 
comfort that some of it has been of rele-
vance to some of the later work of Margulis 
and his other collaborators, but I deeply 
miss the old days of collaboration with 
Margulis. Indeed our paths did merge now 
and then later as well, for shorter dura-
tions, sometimes with my getting benefit 
of being his former collaborator, and we 
did share mathematical discussions, but it 
could not be the same as before. Margulis 
was elected Honorary Fellow of the Tata 
Institute of Fundamental Research in 1996 
and we were looking forward to seeing him 
more often in Mumbai. Unfortunately this 
was not to happen, though he did visit and 
participate in a conference that we orga-
nized, in 2001, to celebrate Raghunathan’s 
60th birthday, for which he served also as 
a member of the Organizing Committee.

Concluding remarks
Let me conclude these reflections with a 
couple of general comments. To be sure 
the contents and germinal ideas involved 
in Margulis’s first proof of the Oppenheim 
conjecture have quite a different flavour 
from what was to evolve into the current 
form of the theory of homogeneous dy-
namics with its role as a major tool for 
addressing problems in Diophantine ap-
proximation, with the latter bearing a large 
imprint of the work of Marina Ratner on 
the Raghunathan conjecture, and the clas-
sification of invariant measures of flows 
on homogeneous spaces, in general. Nei-

first trans-atlantic (or across any seas for 
that matter) phone calls for a mathemati-
cal discussion, to sort out some issues that 
came up after his departure! It took a rather 
long time for the ideas to crystallize, as I 
went along my scheduled visits for the fol-
lowing year to MSRI, Berkeley and the Uni-
versity of Chicago, and a short two-week 
stint in between at Yale University arranged 
by Margulis. As I. M. Gelfand was to turn 80 
the following year and Margulis had an in-
vitation to contribute to a special issue of 
the Advances in Soviet Mathematics, being 
brought out in his honour on the occasion, 
we decided to submit it there, and it ap-
peared as [8]. It has been a paper of ours, 
that has been cited with quite some regu-
larity so far, for over a quarter century.

Further developments
Our result in [8] was nicely complemented 
in a work of Margulis with Eskin and Moz-
es (see [9] ) showing that the asymptotic 
lower bounds correspond to the exact as-
ymptotics involved when the signature of 
the quadratic form is different from ,2 1^ h 
or ,2 2^ h, and does not hold in general 
for these cases, there being interesting 
counter-examples of crucial significance. 
The asymptotics in particular hold uniform-
ly when n 5$ , which fits well with Meyer’s 
theorem for rational quadratic forms. The 
proof involves many new ideas from differ-
ent areas. The result stands out as another 

concerns asymptotics of larger and larger 
segments of a trajectory from a fixed initial 
point and following a fixed one-parameter 
subgroup, we should consider larger and 
larger segments of trajectories starting 
from a convergent sequence of points, 
and following trajectories of a sequence of 
unipotent one-parameter subgroups, and 
consider the asymptotic distribution of the 
sequence of such segments. Such a broad-
ening of perspective was to have a major 
impact on subsequent research.9

In Göttingen we set out to analyse the 
issue, now using Ratner’s classification of 
invariant measures, and applying it to study 
quantitative aspects of the Oppenheim 
conjecture; let me content myself mention-
ing, without going into technical detail, 
that we were able to conclude in particular 
that for a quadratic form Q as in Oppen-
heim conjecture the number of integer n-tu-
ple solutions x, of inequalities of the form 
a Q x b1 1^ h , where a, b are real numbers, 
contained in a ball of radius r centered at 
the origin, grows asymptotically at least 
as fast as crn 2-  for a constant c which can 
be explicitly described in terms of the giv-
en data. It was a very enriching experience 
for me to work on this paper with Margulis, 
with a variety of issues involved along the 
way. After the visit to Göttingen Margulis 
moved on to Yale University where he was 
to settle. I was to continue at Göttingen a 
little longer, and during this time I had my 

Gregory Margulis in the audience at one of the talks at the 2001 conference in honour of Raghunathan’s 60th birthday. 
Jyotsna Dani is seen at his right in the row behind him. At the front right Yves Benoist and Armand Borel.
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algorithmically, is of course of paramount 
importance. However, innovations not in-
volving the machinery of the time, working 
with bare hands so to speak, have a great 
appeal, and also play an important role in 
enabling one to rethink and build up our 
understanding to new heights. Margulis’s 
proof of the Oppenheim conjecture stands 
out as an example in this respect. While 
such innovative, almost magical, ideas nor-
mally get integrated into the general theo-
ry, it is my feeling, which I believe Margulis 
would share, that in the present instance 
the full potential of the ideas still remains 
to be realized. s

in Diophantine approximation. There is a 
parallel that may be noted, between the 
emergence of the area of Geometry of 
numbers from Minkowski’s work on defi-
nite quadratic forms and that of the theory 
of homogeneous dynamics, which I once 
chose to call ‘Dynamics of numbers’ (see 
[5] ), from Margulis’s proof of the Oppen-
heim conjecture.

Another important feature of the proof 
is its great simplicity.10 In the development 
of mathematics, as in the case of indus-
try, building up heavy machinery and be-
ing able to use it in a massive scale to 
solve problems methodically, and almost 

ther was it the beginning of applications 
of homogeneous dynamics in number the-
ory, as the cognoscenti would know, as 
the theme may be traced back at least to 
L. Auslander and other authors in the six-
ties, and I had also indulged in such an 
exercise and made some contributions in 
the seventies and early eighties. However, 
Margulis’s proof marks a defining moment 
in the development of the theory, not just 
because of the spectacular achievement of 
settling a long-standing conjecture follow-
ing the theme, but also its role channelling 
the energy of those working in homoge-
neous dynamics in dealing with problems 
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