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This is the slightly modified and updated ver-

sion of a lecture delivered on May 7, 1986 at

the occasion of the visit of the first ‘Klooster-

man professor’, Professor M. Artin. On the

Kloosterman Centennial Celebration at April

7. at the Universiteit Leiden a biographical

brochure was presented based on this text.

Some dates

Hendrik Douwe Kloosterman was born on

April 9, 1900 in Rottevalle (Friesland), he died

May 6, 1968 in Leiden.

Kloosterman studied mathematics at the

University of Leiden from 1918–1922, his

teachers in mathematics were J.C. Kluyver and

W. van der Woude. After his master degree in

1922 he continued his studies in Copenhagen

with H. Bohr and in Oxford with G.H. Hardy.

In 1924 he obtained his Ph.D. degree in Lei-

den, his supervisor was J.C. Kluyver. From

1924–25 he performed his military service. A

Rockefeller-Scholarship allowed him to study

from 1926–28 in Göttingen and in Hamburg.

From 1928–30 he was assistant in Münster.

In 1930 Kloosterman became lecturer (‘lec-

tor’) at the University of Leiden, this posi-

tion was converted into a full professorship

in 1947. Kloosterman remained professor in

Leiden until his death in 1968. During the aca-

demic year 55–56 he was visiting professor at

the University of Michigan, Ann Arbor.

In 1950 he was elected as a member of

the Koninklijke Nederlandse Akademie van

Wetenschappen (Royal Dutch Academy of Sci-

ences).

During his stay in Göttingen Kloosterman

met Margarete Träger. They married in 1930

and she remained his faithful companion until

his death in 1968.

Kloosterman’s scientific work

Kloosterman’s work is deep and difficult and,

as we shall see presently, it continues to play

an important role in modern developments.

In a report like this we can only superficially

touch upon it an we shall limit ourselves to a

short discussion of two of the most important

topics.

As a student Kloosterman was attracted

by analysis and analytic number theory, un-

doubtly this was due to the influcence of his

teacher Kluyver and later Hardy. In his thesis

[B1] he studied the problem of representing

a positive integer n as the sum of squares,

or more generally, in solving in integers the

equation n = a1x1
2 + a2x2

2 + . . . + asxs
2,

where the ai’s themselves are also positive

integers. This was a classical problem stud-

ied among others by Euler, Lagrange, Jacobi

and Liouville. These authors studied partic-

ular cases and their methods were (with the

exception of those of Jacobi) mostly ‘elemen-

tary’. In his thesis Kloosterman used pow-

erful analytic tools developed by Hardy and

Littlewood, and for s ≥ 5 he obtained inter-

esting, mostly asymptotic, general formulae

for the number r (n) of solutions of the above

equation. However, for s = 4 there was an

essential difficulty and the Hardy-Littlewood
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method did not yield good results.

Soon after his thesis Kloosterman returned

to this particular case. By a deep and diffi-

cult analysis he refined the Hardy-Littlewood

method and solved the problem complete-

ly. He published his result in 1926 in Ac-

ta Mathematica [B2]. This paper made him

world-renowned. There Kloosterman intro-

duced and carefully analysed certain expo-

nential sums, now called ‘Kloosterman sums’.

These sums were crucial not only for the prob-

lem at hand, but in fact they turned out to be

fundamental for many problems in analytic

number theory and in the theory of modular

functions and they also play a role in parts of

algebraic geometry.

As early as 1927, stimulated by Hecke,

Kloosterman applied his methods to estimate

the Fourier coefficients of certain modular

forms [B3]. The best estimates for the Kloos-

terman sums were later given by Weil by us-

ing powerful tools from algebraic geometry.

The fundamental nature of the Kloosterman

sums is clear from the numerous papers, from

1926 up to the present day, in which they

have been studied, used, and generalized. In

order to give an idea we mention some au-

thors and dates of such papers: Esterman

(1930), Salié (1931), Davenport (1930), Weil

(1948), Lomadze (1959), Mordell (1961, 1972),

A.I. Vinogradov (1962), Linnik (1962), Selberg

(1965), Deligne (1977), Serre (1977). Katz

(1979, 1988), Hooley (1983), Michel (1985),

Duke-Friedlander-Iwaniec (1997). For further

details see also the nice paper [A3], as well as

the section Number Theory, 11 L05 ‘Gauss and

Kloosterman sums, generalizations’ in Math-

ematical Reviews.

Kloosterman Professors

1986 M. Artin, Massachusetts Institute of Technology, Mass., U.S.A.

1987 H. Brézis, Université Paris VI, Paris, France

1988 A. Salomaa, University of Turku, Turku, Finland

1989 S.M. Ross, University of California, Berkeley, Cal., U.S.A.

1990 M. Barth, University of Erlangen, Erlangen, Germany

1991 J.C. Butcher, University of Auckland, Auckland, New Zealand

1992 P.J. Bickel, University of California, Berkeley, Cal., U.S.A.

1993 H. Ehrig, Technical University Berlin, Berlin, Germany

1994 T. Oshima, University of Tokyo, Tokyo, Japan

1995 H.W. Lenstra, University of California, Berkeley, Cal., U.S.A.

1996 G. Cybenko, Thayer School of Engineering, Dartmouth College, Hannover, N.H., U.S.A.

1997 J.K. Hale, Georgia Institute of Technology, Atlanta, U.S.A.

1998 A.A. Borovkov, University of Novosibirsk, Novosibirsk, Russia

1999 A. Granville, University of Georgia, Athens, U.S.A.

2000 J. Mallet-Paret, Brown University, Providence, RI, U.S.A.

H.D. Kloosterman, 1955

Next we want to focus on another important

piece of work of Kloosterman. During his

stay in Göttingen and Hamburg, influenced

by E. Noether, E. Artin and E. Hecke, Kloos-

terman became more and more interested in

algebraic methods. Both his algebraic and

analytic skills are demonstrated in his beau-

tiful papers The behaviour of general theta

functions under the modular group and the

characters of binary modular subgroups [B7]

and The characters of binary modulary con-

gruence groups [B8] which appeared, respec-

tively, in 1946 in the Annals of Mathematics

and in 1952 in the Proceedings of the Interna-

tional Congress of Mathematicians (the latter

being the written version of his invited lec-

ture at the ICM, 1950 in Cambridge, Mass.).

In these papers Kloosterman uses theta func-

tions to study representations of the factor

group Γ mod Γ (N), where Γ is the modular

group and Γ (N) the principal congruence sub-

group moduloN. This work was continued by

several of his students, and further by S. Tana-

ka in 1966, who related it to the represen-

tations of the sympletic group as studied by

A. Weil (Acta Math. 111, 1964), and also by

Nobs and Wolfert in 1974 and 1975.

The above report is short and incomplete.

Still, we hope that it gives some idea of

the profundity and richness of Kloosterman’s

work, which is still very much alive in modern

mathematics!
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Added in 1997: In the summer of 1997 I asked

P. Sarnak, professor at Princeton University

and one of the experts on modern number

theory about the influence of Kloosterman’s

work. Professor Sarnak sent me the following

lines.

“I am happy to comment on Kloosterman and

his influence on modern number theory. His

paper in the twenties on quaternary quadratic

forms is one of the most influential in analytic

number theory. He introduces a refinement

of the Hardy-Littlewood circle method which

has been at the heart of much modern work

(Linnik, Selberg, Iwaniec, Hooley, et cetera).

It is such an important refinement that some

even refer to the circle method as the Hardy-

Littlewood-Kloosterman method. This refine-

ment led him to the Kloosterman sums. Be-

sides introducing these basic objects (they

are the ‘Bessel functions’ of finite fields) he

derived their basic properties. It was left to

Hasse and Weil to give the well known and

deep estimate for these sums. Kloosterman

sums find their applications in many proofs

of results in automorphic forms, L-functions,

quadratic forms. . . He has certainly left his

mark on modern number theory (arithmetical

and analytic).”

Teaching and influence on students

Before the war, i.e. before 1940, the size of

the mathematics staff at the Dutch universi-

ties was very small (maybe with the excep-

tion of the University of Amsterdam). In Lei-

den it consisted of two professors (W. van der

Woude and J. Droste) and one lecturer (Kloos-

terman). During the period 30–41 (the Univer-

sity of Leiden was closed from 1941 until the

middle of 1945) the principal task of Klooster-

man was to give first and second year courses

calculus and analysis for students in mathe-

matics, physics, astronomy, chemistry, and

geology. However, besides these elemen-

tary courses Kloosterman voluntarily lectured

each year on an advanced subject, each year

different. During that period he lectured on

the theory of groups, on analytic and alge-

braic number theory, ideal theory, theory of

Galois, on quadratic forms, on linear oper-

ators in Hilbert space, and on mathematical

tools in quantum theory. After the war he con-

tinued this series with courses on represen-

tation theory, lattice theory, measure theory,

modular functions, elliptic functions and on

algebraic function fields.

These capita selecta were exciting lectures

and modern for that period. They were care-

fully planned and prepared, masterly pre-

sented, starting elementarily but advancing

steadily to a high level. Kloosterman was con-

vinced of the unity of mathematics and in his

lectures he stressed the connections between

different areas. To the audience a beautiful

panorama unfolded, completely natural and

harmonic.

In fact, to attend a lecture of Klooster-

man, elementary or advanced, was always a

pleasure, both for mathematicians and non-

mathematicians. Those of us present there

will remember his very clear style, his skilful

use of the blackboard (always filled at — but

never before — the end of the lecture), his fine

sense of humour and certainly also his choice

of a ‘completely arbitrary’ number, which in-

variably was 37.

Under Kloosterman’s supervision 17 stu-

dents wrote their Ph.D. thesis. Several

worked on subjects stemming from Klooster-

man’s own work, but he encouraged and stim-

ulated also those going their own way. Sever-

al of these students later held professorships

at the universities of Utrecht, Amsterdam and

Leiden, and at the technical universities of

Delft, Eindhoven and Twente.

After the war Kloosterman was the princi-

H.D. Kloosterman (1900-1968)

pal architect in building our Mathematical In-

stitute in Leiden. Under his leadership sever-

al new chairs were created, first in pure math-

ematics, but later he also laid the foundations

for the chairs in applied mathematics (and by

this indirectly also for computer science).

Conclusion

We remember Kloosterman with admiration

and gratitude. We are pleased and honoured

to name this new special chair of our Depart-

ment, the Kloosterman Chair. k
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