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A linear algebra exercise

In het decembernummer van het jaar 2000 verscheen een open pro-
bleem van Frits Beukers in de problemenrubriek (probleem 10) om
gehele getallen a, b en c te bepalen zodat een zekere matrix Ma,b,c
(zie (1)) drie geheeltallige eigenwaarden heeft. Ronald van Luijk en
Raimundas Vidunas hebben aangetoond dat het probleem oneindig
veel oplossingen heeft. In dit artikel worden drie oneindige families
gepresenteerd.

Anyone who has ever composed a written test on linear algebra
knows that it often takes considerable effort to make the num-
bers come out right. In fact, this problem may even be harder
than the linear algebra problem itself. A particular subject where
this problem arises, is eigenvalues of symmetric matrices. Usual-
ly we consider only matrices with integral coefficients. We know
that 4 × 4-matrices tend to become too laborious. Since 2 × 2-
matrices are not very exciting we have to confine ourselves to
3× 3-matrices. We know that there are 3 real eigenvalues in this
case. We cannot let the poor students solve irreducible cubic equa-
tions, so we might see to it that the eigenvalues are integers, which
the students can recognize by inspection. Moreover, computing
the eigenvalue equation of an arbitrary symmetric 3 × 3-matrix
may be a little too stressful. So we choose our matrix to have a
simple shape, say

Ma,b,c =

 0 a b
a 0 c
b c 0

 . (1)

But now we created a problem for ourselves. How to choose inte-
gers a, b, c such that the symmetric matrix Ma,b,c has three integral
eigenvalues?

The eigenvalue equation reads

λ3 − (a2 + b2 + c2)λ − 2abc = 0.

If a = 0 for example and we choose b, c such that b2 + c2 = u2

for some integer u (e.g. b = 3, c = 4, u = 5), then our eigenvalue
equation reads (λ − u)(λ + u)λ = 0.

If a = ±b and a, c are such that c2 + 8a2 = u2 for some integer u
(e.g. a = 3, c = 7, u = 11), then our eigenvalue equation becomes

(λ ± c)(λ − (±c + u)/2)(λ − (±c − u)/2) = 0.

Note that the eigenvalue equation is symmetric in a, b, c. We see
that the above ideas yield solutions with the property that abc = 0
or (a2 − b2)(a2 − c2)(b2 − c2) = 0. To make our linear algebra
problem a little more interesting we would like the numbers a, b, c
to be non-zero and with distinct absolute values. Hence we have
the following question.

Question. Do there exist non-zero integers a, b, c, with distinct ab-
solute values, such that

X3 − (a2 + b2 + c2)X − 2abc

has three integral zeros X?

Solutions
If we let x, y and z denote the eigenvalues of the given matrix
Ma,b,c, then the characteristic polynomial of Ma,b,c equals

λ3 − (a2 + b2 + c2)λ − 2abc = (λ − x)(λ − y)(λ − z).

Hence we want to find integers a, b, c, x, y, z, such that this poly-
nomial equation holds. Comparing coefficients, we find the equa-
tions x + y + z = 0,

xy + yz + zx = −a2 − b2 − c2 ,

xyz = 2abc.

(2)

These equations describe a two-dimensional surface S in five-
dimensional projective space P5. We look for points with integral
or, what amounts to the same, rational coordinates. Instead of
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looking for individual rational points we shall look for so-called
rational curves on S, i.e. polynomials in one variable which satis-
fy (2). Note that this surface, which is of degree 6, actually lies in
projective four-space, as it is contained in the hypersurface given
by x + y + z = 0.

Closer scrutiny by Ronald van Luijk has shown that S is bira-
tionally equivalent to a so-called singular K3-surface. As a conse-
quence the surface S has a large number of interesting properties,
but we shall not go into this here.

From the discussion in the previous section we know that there
are infinitely many solutions with a = 0, x = 0. Namely z = −y
and y2 = b2 + c2. This is the projective equation of a unit circle C.
We choose t arbitrarily and intersect S with the hyperplane x = ta
in P5. The intersection is a curve of degree 6, but we know that
it always contains the conic C as a factor. Hence the remainder of
the intersection should be a curve of degree 4. This becomes even
more apparent if we take x = ta in (2), take a = 1 to go to affine
coordinates, and eliminate c, z. We find

t2 y2(t + y)2 − 4b2(t2 + ty + y2) + 4b2(1 + b2) = 0. (3)

This can be considered as a family of fourth degree curves Xt with
parameter t, or alternatively, as a fourth degree curve with coef-
ficients in Q(t). The coordinates of the curve are b, y. A short
calculation shows that the curve has two singular points, name-
ly (b, y) = (0, 0), (0,−t). From the geometry of curves we know
that such an algebraic curve has genus 1. The points on genus
one curves have an abelian group structure which we can now
exploit. First we look for a number of obvious points on Xt. They
come from the straightforward solutions we found in the previ-
ous section. Let us first consider the point with b = −a = −1 and
c = y. A brief calculation shows that y = −t + 2/t and the cor-
responding point is (b, y) = (−1,−t + 2/t). We denote this point
by O. Another point is found by taking c = 1, y = −b. We then
find the point (b, y) = (t− 2/t,−t + 2/t), which we denote by P.
General theory of elliptic curves tells us that we can take O as the
neutral element of a commutative addition law on Xt. Doing so, a
straightforward, but tedious, computation shows that 2P is now
given by the point

(b, y) =
(

−t6 − 4t4 + 4
t6 − 8t4 + 20t2 − 12

,
2t6 − 12t4 + 16t − 8
t7 − 8t5 + 20t3 − 12t

)
.

After clearing the denominators this gives us the solution

a = t(t6 − 8t4 + 20t2 − 12),

b = −t(t6 − 4t4 + 4),

c = (t2 − 2)(t6 − 6t4 + 8t2 − 4),

x = t2(t6 − 8t4 + 20t2 − 12),

y = 2t6 − 12t4 + 16t2 − 8,

z = −t8 + 6t6 − 8t4 − 4t2 + 8.

By computing higher multiples nP of P we could in principle find
an infinite number of such parametrisations. However, the de-
grees of the polynomials involved increase like n2 and become
unwieldy very soon.

There is another remark we can make concerning (3). The sin-
gular point (b, y) = (0,−t) is a double point and the equation of

its two tangents is easily seen to be

4(1 − t2)b2 + (y + t)2t4 = 0.

Now replace t by (s + 1/s)/2 so that 4(1 − t2) = −(s − 1/s)2.
The equation of the tangents now factors as(

(y + t)t2 − b(s − 1/s)
) (

(y + t)t2 + b(s − 1/s)
)

.

Take one of the tangents. At the point (b, y) = (0,−t) it has triple
intersection with Xt. So the tangent intersects Xt in only one more
point. After a straightforward, but again tedious, computation we
find the following points after clearing denominators:

a = 2s(s6 − 5s4 + 11s2 + 1)(s6 + 11s4 − 5s2 + 1),

b = 4s(s − 1)(s + 1)(s2 + 1)3(s2 + 2s − 1)(s2 − 2s − 1),

c = (s − 1)(s + 1)(s6 − 4s5 + 3s4 + 8s3 + 3s2 − 4s + 1)×
× (s6 + 4s5 + 3s4 − 8s3 + 3s2 + 4s + 1),

x = (s2 + 1)(s6 − 5s4 + 11s2 + 1)(s6 + 11s4 − 5s2 + 1),

y = −(1 + s2)(s6 − 4s5 + 3s4 + 8s3 + 3s2 − 4s + 1)×
× (s6 + 4s5 + 3s4 − 8s3 + 3s2 + 4s + 1),

z = −16s2(s − 1)2(s + 1)2(s2 + 1)(s2 − 2s − 1)(s2 + 2s − 1).

Bad fibers
Another possibility to find a rational curve on S is to look for bad
fibers of the family of curves Xt, i.e. look for those values of t for
which Xt acquires an extra singularity. An irreducible fourth de-
gree curve with three singular points has genus 0, in other words,
it is a rational curve. Unfortunately, the bad fibers of the fami-
ly Xt all turn out to be reducible with components not defined
over Q. However, it is possible to construct another family of
genus one curves on S by intersecting it with the family of hy-
perplanes a − b + t(c + z) = 0. Note that a − b = 0, z = −c
also correponds to a straightforward solution from the first sec-
tion. It turns out that the special hyperplane a− b− 2(c + z) = 0
intersects S in a conic plus a fourth degree curve with three sin-
gularities. Rational parametrisation of the latter curve yields the
solution

a = (4u − 7)(u + 2)(u2 − 6u + 4),

b = (5u − 6)(5u2 − 10u − 4),

c = −(3u2 − 4u + 4)(u2 − 4u + 6),

x = 2(3u2 − 4u + 4)(4u − 7),

y = −(u + 2)(5u − 6)(u2 − 4u + 6),

z = (u2 − 6u + 4)(5u2 − 10u − 4).

When we substitute u = 3 in the latter parametrisation, we get
a = −125, b = 99 and c = −57 with eigenvalues 190, −135
and −55. By a computer search, we find that this is the second
smallest example, when ordered by max(|a|, |b|, |c|). The smallest
has a = 26, b = 51 and c = 114. k


