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| Problem Section

Edition 2016-4 We received solutions from Pieter de Groen, Alex Heinis and Toshihiro
Shimizu.

Problem 2016-4/A (folklore)

For a finite sequence s = (s,...,s,) of positive integers, denote by p(s) the number of ways
to write s as a sum s = Zi":laiei +ZZ;1bj(ej+ej+1) with all a; and b; non-negative. Here
e; denotes the sequence of which the 4-th term is 1 and of which all the other terms are 0.
Show that there exists an integer B > 1 such that for any product F of (positive) Fibonacci
numbers, there exists a finite sequence s = (s,...,s,) with all s; € {1,2,...,B} such that
p(s)=F.

Solution We received solutions from Pieter de Groen, Alex Heinis and Toshihiro Shimizu.
The book token goes to Pieter de Groen. The following solution is based on that of Alex
Heinis.

Let s = (s, ...,s,,) be a finite sequence of positive integers. We say that s is left safe if
s1 = sy, right safe if s, > s,,—1, and safe if they are both left safe and right safe. Let
s=(sp,,8p), t= (4, --,t,) be finite sequences of integers with m,n > 1. We define the
join sVt of s and ¢ as the sequence (sj,---,s,,—1,5m + i1, b2, -+, 1,,). Note that taking the join
of sequences is associative.

Moreover, if s = (sy,...,s,,) is a finite sequence of positive integers, define

V(s) z{(a,b) ezt 0><Z>0 s= Zaleﬁ- Z b ej e }

so that #V(s) = p(s), and define

W(s)={b€Z§ 15> Zb +ej+1}

(where we take the usual partial order on the set of finite sequences of some fixed

(S_ Z b; (j+ej+l)7b>
=1
length). Then we have a bijection V(s) — W(s) given by (a,b) — b, with inverse , so also
#W(s) = p(s). We will then show the following.

Lemma. Let s be a right safe sequence, and let t be a left safe sequence. Then p(sVt) =
p(s)p(t).

Proof. Write s = (s, ...,s,,) and t = (t,...,t,). Since for any b € W(s)and ¢ € W(t), we have
sm+1 = b, 1+ ¢y, concatenation of sequences defines a map W(s) X W(t) — W(s Vv t). Sin-
ce s is right safe, for any d € W(sVt), we have s, >s,,—1 = dy_2+dp—1>dy—1, SO We
have a map W(sV ) — W(s) sending (d;) "= " % to (d;) ™=7. By a similar argument, since ¢ is
left safe, we have a map W(sV ¢) — W(t) sending (d;) 7=7" 2 to (d,, 1 +:) '~ 1, and therefore
also a map W(sVvt) — W(s) x W(t), which by construction is the inverse of the concatena-
tion map. Hence p(s Vv t) = p(s) p(¢). O

Now we return to the problem. Let F, be the n-th Fibonacci number, where we take as
convention Fy=F = 1. Let F = H 7. be a product of Fibonacci numbers. We may as-
sume that each £, is at least 2, that F2 occurs at most twice (since F; = 8), and therefore
that if m; = 2, then i=lori=n

Let s; denote the sequence of m; ones; it is well-known then that p(s;) = F,, for all i.
Then note that s; is right safe, that all s; with 2<i<n—1 are of length at least 3
and safe, and that s, is left safe. Moreover, as s; has length 3 if 2<i<n—1, we see
that s; vV --- Vs; is right safe if 2 <¢<mn— 1. Hence inductively applying the lemma gives
plsyVe-Vs,) = Hi":lp(si) =F, as required.
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Problem 2016-4/B (folklore)

Let ¢ be a prime number. For any group homomorphism f: A — B between abelian groups
and for any integer n > 0, denote by f, the induced homomorphism A/("A — B/0"B. Let
(ky)w=o and (c,)5=o be sequences of integers.

Show that there exist integers N,a,b > 0and a group homomorphism f:(Z/¢N Z)*~(Z/ N Z)?
such that for all » >0 we have #kerf, = 0" and #cokerf, = (° if and only if ky=cy =0
and the sequences (k,+1—ky)p=o and (c,+1—c,)y=o are non-negative, non-increasing,
eventually zero, and there is a constant C' such that for all » such that k,4+; —k, and
Cp+1— Cp, are not both zero, their difference is C.

(Recall that the cokernel cokerf of a group homomorphism f:A — B between abelian
groups is the quotient of B by the image of f.)

Solution We received a solution from Alex Heinis, who is also rewarded the book token
for this problem. The second part of the following solution is similar to that of Alex Heinis.
Write A= (Z/eNZ)® and B= (Z/eNZ)", and write A, = A/0"A and B, = B/0"B. Moreover,
for all n > 0, let k, = X% We show they satisfy the required properties.

For all n >0, let 4, = ™% Note that the quotient map B — B, sends imf to im,, and
the induced map imf — imf, is surjective with kernel imfn("B. By the structure theo-
rem for finitely generated abelian groups (and as imf is ¢"-torsion), there exist unique
t,...,ty =0 such that imf = EI—);VZI(Z/W'Z) ti, Moreover, we have ("B=B[t" " if n <N
and "B = 0 otherwise, so imfN ("B = (imf) [0Y "] if n <N and imfn "B = 0 otherwise.
We deduce that

N
i, = 2, jtj— 2 min(j,N—n)t;
j=1 j=1

=jzv:max(7'+n—N,0)tj= 2 G+n—N)t,

j=1 j=N-n+1

. N . .
and that 4, = ijljtj otherwise. .
Therefore, for all n > N we have 4, —1i, =0. Moreover, note that 4,4+, — 1, = Zj:N—ntf

if n <N, so that (4,1 —14,) — (i, —iy—1) =ty_p foralll1 <n <N.

First note that ky=cq=0, and k,,c, >0 for all n >0 (as ¢ to that power is the order of
a group). Now we use the isomorphisms A, /kerf, — imf, and B, /imf, — cokerf, to see
that we have k, = min(n,N)a — i, and ¢, = min(n,N)b— i, for all n. Therefore:

- If1<n<N, then
(kp1— k) = (k= kp—1) = (cpr1—¢n) — (e —p—1)
= (iy = tp—1) = (g1 = %) == ty—n <0
- Ifn=N,thenk,+1—k,=cp+1— ¢, =0;
— Moreover, ky —ky—1=a— iy +iy_1 =a—zy:1tj, and cy —cy—1 =b—Zy:1tj

As Z?;ltj is the minimum number of %enerators of imf and A maps surjectively to
imf, it follows that ky—ky_; = 0. As Zj=1tj is the dimension over I, of (imf)[¢] and
(imyf) [0] € Blq], it follows that ¢y —cy—1 = 0. Therefore we see that (k,+, —k,)5=¢ and
(ep+1—Cn)¥=( are non-increasing sequences that are eventually zero, hence they are
non-negative as well.

Finally, note that for n < N, we have (k, +; —k,) — (c,+1—¢,) = a — b, which shows that the
sequences (k,) = and (c,) = satisfy the required conditions.

For the converse, suppose that (k,)>-q and (c,) = satisfy the conditions in the pro-
blem. Let N be the smallest integer n >0 for which k,+1—k%,=c¢,+1—¢,=0. Let for
0<n<N,nr=k,—ky,—1)— (kys1—Fky) = (c,—ch_1) — (cy+1—c,), Which is non-negative
as the sequences (k,+1—k,)=¢ and (c,+1—c,)>=( are non-increasing. Moreover, let
s =ky—ky—1 and let s, = ¢y —cy—1. Consider the map

N-1 N-1

FZ/NZ) @ @D(Z/N ) — (Z)NZ) @ P(Z/N 7)™
n=1 n=1

of which the matrix in block form (with respect to the given splitting into summands) is

the diagonal matrix with diagonal (0, 0- I, 0% Iy, ..., 0N 711, ).
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A couple of observations: first note that if » > N, then f, =f. Moreover, we note that for
n <N, the induced map

N-1 N-

Lz ) e D(Z/NZ)" — (Z/0Z)% E|—) Z/Z)"

i=1 i=
is given by the same matrlx as the one defining f. And finally, we note that therefore
kerf, = ker Oy, ><9k®® ker(Ql )
Let us show by mductlon onn that #kerf, = (" and #cokerf, = (° for all n. First of all,
for n =0, note that fy is the map 0 — 0, so ky=cy =0. Now let 0 <n < N, and suppose
that #kerf,_; = (-1 and #cokerfn L =01, Note that #kerf, = 0"+ T27", lm“i(”‘ % and
that #kerf,_; = (= Dsc+ X._ 'min(i,n—1n, Therefore #kerf, /#kerf, 1—03”21 « "i; by de-
finition of s, and the 7;, the exponent is by a telescoping sum equal to k, —k,—1. Hence
#kerf, = (Fn Pt ker f,_, = 0" Similarly, we show that #coker f, = (°n.
Finally, we note that for n > N, we have #kerf, = #kerfy = ("N = (%, as for all i > N, we
have k;;+1—k; = 0; and similarly, we have # cokerf, = (°n.

Problem 2016-4/C (folklore)

Let R be the polynomial ring over Z with variables z;, v;, z; for all i € Z. Let S be the
polynomial ring over Z with variables ¢; for all i € Z. Let 7: R — R be the isomorphism of
rings given by x; — z;+1, Y — y;+1 and z; — zj41.

Consider the morphism f: R — S of rings given by z; — t; 1 4t;+1, y; — &7 and z; — t7. Does
there exist a finite number of elements 7,...,7, € R such that the kernel I of f is generated
as an ideal in R by {t'rpi€Z,j=1,...,n}?

Solution We received no solutions for this problem. The answer is no.

We assume monomials to be monic. Moreover, we will abuse notation by settingz : S — .5
to be the automorphism of rings sending ¢; to ¢, for all i € Z. Let M C R denote the set
of monomials of R, and let N C .S denote the set of monomials of S. Then f maps M into
N. Moreover, identifying (as groups) R with (—BmeMZm and S with @neNZ'"’ we see
that f/: R — S is given by

T 3 S .
meM neEN\mef (n)
for x,, zero for all but finitely many m € M. Finally, we note that for all z € R, we have
fzz) = of(x).
Let,fore =2 _, nm € Randn € N, the n-th homogeneous part be x,, = Z A E
Then note that z e[ if and only if for all n € N, we have z, €I, and z = Z xn, Where
we note that x, is zero for all but finitely many n € N, as the same is true for the z,, for
m € M. So let us say that an element of the form 2, x,m in R is homogeneous
with respect to n.
Write R, =@ cs'(n)Z m. Then note that f|p is injective if and only if # 1 (n) <1
So consider the set N'C N of n €N such that #f 1(n) > 2, where we take the partial
order on N given by divisibility by an element of f(M), i.e. n <=’ if there exists an m € M
such that nf(m) =n'.
Define, for integers k> 1 and i, the monomial ny,; = t3t;+ 1 tisg-+tj+ 31— 117+ 3. We deter-
mine f~!(ny,). Let m € f ' (ny,). Since n only has two exponents of at least 2, we see
that the total y,z-degree of m is at most 2. Moreover, the degree of n is 3k+ 5, so com-
paring degrees modulo 3, we see that m must be divisible by either v;z;+3. or ¥;+312;.
In the first case, write m =m'y;z; 13, and note that f(m') =11t +3. By induction
on k, one can show that m' must be equal to z;4+9z;+5--x;+3.—1, therefore m must be
Mpi1 = Ti+2Ti+5° " Ti+36—1YiZi+3k IN the same way, one shows in the second case that m
must be equal to my ;9 = Tj+12;+4- i+ 3k—2Yi+3k2- Since both of them do map to ny,,
we find that £~ ! (ny ;) = {my;1,my;2}. In particular, ny,; € N’, and kerf|p, is generated
by my i1 —my i 2-
Moreover, ny; is minimal in N'; if n € N' divides ny; in f(M), then for my,my,m' e M
such that my #my, f(my)=f(my)=n and f(m)f(m') = f(mg)f(m’) =ny; we have

mef (n)
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{mlm’,mgm’} = {mkyz‘yl,mk%g}. Since gcd(mk’iyl,mk’iyz) =1, it follows that m’ =1 and there-
fore that n = ny, ;.

Now we can prove our answer. Let G be any subset of R —{0} such that I is generated by
{t%:a € Z,g € G}. We show that G is infinite. Let G’ denote the set of non-zero homo-
geneous parts of elements of G, and note that G is finite if and only if G'is. Then I is also
generated by {t%"a € Z,g' € G'}.

Note that for all £ = 1, we have ME,0,1 ~ Mk,0,2 € 1, and write ME,0,1 — Mg,0,2 = Zaﬁg/aa,g’faglr
for some «,;, € R that are zero for all but finitely many pairs (a,b); we may assume that the
a,, are homogeneous, by taking the n; ,-th homogeneous part of this identity if necessary.
If (a,g) is such that @, 7# 0, and if g' is homogeneous with respect to n, then n € N’
and 7%n <o, S0 by minimality of n, it follows that z%n = n, o. Moreover, kerfIRM is
generated by my, 0.1 —my, 0,2, S0 7%’ is a non-zero integer multiple of my. ; 1 —my ;5. It fol-
lows that for any £ = 1 there exists ¢, € G’ such that g/ is a non-zero integer multiple of
¢ (mk’()?l _mk’oyg) for some a € Z. Now 7 preserves total degrees, so the total degree of g/,
is that of my 1 and my g9, which is k+2. In particular, G’ contains elements of every total
degree that is at least 3, so G’ (and therefore G) is infinite, as desired.



