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| Problem Section

Edition 2016-3 We received solutions from Raymond van Bommel, Rik Bos, Alexandros Ef-
thymiadis, Alex Heinis, Thijmen Krebs, Toshihiro Shimizu, Djurre Tijsma and Traian Viteam.

Problem 2016-3/A (folklore)

Show that a group G is torsion-free if and only if for all integers » = 2 and finite subsets
S, T C G with #S = #T = n we have #{st:s € S,t € T} > n.

Solution We received solutions from Raymond van Bommel, Rik Bos, Alexandros Efthymi-
adis, Alex Heinis, Thijmen Krebs, Toshihiro Shimizu and Djurre Tijsma. The book token is
awarded to Rik Bos, the solution of whom the following is based on; the main idea below
appeared in every solution received.

If G has a torsion element z, then .S =T =(z) have the property that #(ST) = #S = #T.
On the other hand, let n > 2, and let S, T' be subsets of G with #S = #T = n, such that
#(ST) = n. Then, for every s €.5, we have sT' C ST, and both sides have the same cardi-
nality n, so sT = ST for all s € S. Let s, sy €S be distinct elements, and let @ = s sy, 50
that a # 1. Then aT =s; ', T =5 ST =s7'syT =T, so a*T =T for all k> 0. Hence, for
any t €T, we have {a*t: k € 7} C T and therefore that a is torsion of order at most n,
which contradicts G being torsion-free.

Problem 2016-3/B (proposed by Hendrik Lenstra)

Show that for all groups G the commutator subgroup [G,G] =(zyz 'y ' z,y € G) of G has
order at most 2 if and only if every conjugacy class in G has at most 2 elements.

Solution We received solutions from Raymond van Bommel, Rik Bos, Alexandros Efthymi-
adis, Alex Heinis, Thijmen Krebs, Toshihiro Shimizu, Djurre Tijsma and Traian Viteam. The
book token is awarded to Alex Heinis, the solution of whom the following is mainly based
on, with some elements based on other submissions; most of the received solutions are
similar.

First suppose that the order of [G,G] is at most 2. Then there exists a unique a € G such
that [G,G] = {1,a}. Let z € G. Then we have for all g € G that gzg ' = [g,z]z € {z,az}.
Hence every conjugacy class in G has cardinality at most 2.

Now suppose that every conjugacy class in G has cardinality at most 2. Then forall z € G
there exists a unique 8(z) € G such that {[g,z]:g € G} = {1,0(2)}, so that the conjugacy
class of z is {z,0(z)z}. We see that 0 defines a map from G to [G,G] such that its image
generates [G,G]. So it suffices to show that the image of @ has cardinality at most 2, and
that the image consists of elements of order at most 2; note that the image of 8 always
contains 1.

First note that if z,y € G do not commute, that then 8(z) and 6(y) are both non-trivial,
since yzy ' # x implies that yzy ' = 8(z)z, and zyz " # y implies that zyz ' = 8(y) y. Next,
we show that if 2,4 € G do not commute, that then 8(z) = 8(y). Note that 2y commutes
with neither of z, y. Hence we have

0(z) = [zy,2] = [r,2y] ™ = O(zy) ! = ly,2y] ™ = [zy,9] = 0(y)
and

0(z) = [y, = [z,9) ' = 0(y) 7,

so in particular, O(x) = O(y) is of order 2.

Note that for z € G we have O(z) =1 if and only if z € Z(G), so 0 is constant on Z(G).
So we are done once we show that 8 is constant on G—Z(G) of value of order 2. Let
z,y € G—Z(G). Then the centralisers C,, C, of z, y respectively are proper subgroups of
G, therefore C,NC, # G. Hence there exists g € G that commutes with neither of z, y. We
deduce that 8(z) = 0(g) = O(y), and that this element is of order 2. Therefore 0 is constant
on G—Z(@) of value of order 2, as required.
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Problem 2016-3/C (proposed by Carlo Pagano and Mima Stanojkovski)

A subgroup H of a group G is said to be solitary if no other subgroup of G is isomorphic
to H. A group G is said to be totally solitary if all of its subgroups are solitary. Show that
a group G is totally solitary if and only if it is isomorphic to a subgroup of Q/Z.

Solution We received solutions from Rik Bos, Alex Heinis, Thijmen Krebs, Toshihiro Shimizu
and Djurre Tijsma. The book token goes to Djurre Tijsma. All received proofs of the fact
that any subgroup of Q/Z is totally solitary are similar, and the first part of the solution is
based on these. The second part of following solution is based for the most part on the
submission of Raymond van Bommel.

First we show that Q/Z is totally solitary, thereby (by definition of totally solitary) showing
that all of its subgroups are. Note that Q/Z is torsion, and that for any positive integer N,
Q/Z[N] :%Z/Z, which is cyclic of order N. So let H;, Hy be two isomorphic subgroups
of Q/Z, and let ¢ : H, — H, be an isomorphism. Then, for any h € H,, we see that ¢(h) has
the same order as H, say N. Hence h = ag(h) for some integer a coprime to N, so h € H,
as well, showing that H; C H,. The same argument shows that Hy € H;, so H; = Hy, there-
by showing that Q/Z (and each of its subgroups) is totally solitary.

Now suppose that G is totally solitary. If G were to contain an element z of infinite order,
then (z?)C (z) are isomorphic subgroups of G that are not equal, which contradicts G being
totally solitary. Hence G is torsion. Moreover, for any positive integer N there is at most
one cyclic subgroup of G of order N, in other words, there are either 0 or (V) elements
of G of order N, where ¢ is the Euler totient function.

Now take any finite subgroup H of G, and let N be its order. Since elements of H must
have order dividing N, it follows that N = #H < Zd|n¢(d) = N. Therefore, equality must
hold, and H contains ¢(N) elements of order N, i.e. H is cyclic.

We use this to show that G is abelian. Let z,y € G be of orders M, N, respectively. Then
yry ! has the same order as z, and therefore yry~' generates the same subgroup of G
as . In other words, there exists some integer e with ged(e,M) =1 for which yay ™' = z°.
Now every element of {z,y) can be written in the form z%/ for some i =0,1,...,M—1 and
7=0,1,...,N—1, so {z,y) is finite, hence cyclic by the above, and therefore z and y com-
mute.

Now that we have shown that G is abelian, we will write the group operation on G addi-
tively from now on.

Let us construct an injective homomorphism G — Q/Z. First, pick an enumeration
D,D2, D3, ... Of the prime numbers, and let M, = H;L:lp? for n >0 (so My=1). Moreover,
let H,=G[M,)], so that every H, is finite and cyclic, say of order N,. Then H,, < H, for
m <mn, so N,, | N,, for m <n, and G—Uoo

Now we define recursively for every n > 0 an |nJect|ve homomorphism ¢,: H, — Q/Z
such that for i <n and x € H; we have ¢;(z) = ¢, (z). This suffices, since we can deﬁne
an injective homomorphism ¢ : G — Q/Z by x — ¢;(x) for any i such that z € H;; such an 4
exists, and the value doesn’t depend on the choice of 4, by the above.

For n =0, we define ¢y: Hy =0 — Q/Z to be the zero homomorphism. Now assume that
forn>=1andi=0,1,...,n—1, injective homomorphisms ¢, : H; — Q/Z are given such that
for j<i and z € H; we have ¢;(z ) ¢ (z). Let h,—; be a generator of H,_;, and let
h, be a generator ofH such that h =h,_. Then define ¢, : H, — Q/Z to be the
homomorphism sending h, to any element k, € Q/Z such that N” h =1 (hy—1)if
&n—1(hy—1) #0, and to "nl otherwise. This is injective as a generator of a cyclic group
of order N, is always sent to an element of order N, by assumption. Moreover, for all
x € H,_1, we have ¢,_(z) = ¢, (x), so by assumption, for all i <= and z € H;, we have
@;(z) = ¢, (z) as well, as required.




