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Problem A (proposed by Wouter Zomervrucht)

Let n be a positive integer. LetM be an n×n-matrix with entries in {1,2, . . . , n}. Let r be the
complex eigenvalue with the largest absolute value. Show that n ≤ |r | ≤ n2.

Problem B (proposed by Hans Zwart)

Let X be a unital R-algebra with multiplicative unit 1, and let ‖ · ‖ be a submultiplicative norm
on X, i.e. a map ‖ · ‖ : X → R satisfying the following properties:
− ‖1‖ = 1;
− if x ∈ X satisfies ‖x‖ = 0, then x = 0;
− for all a ∈ R, x ∈ X, we have ‖ax‖ = |a| ‖x‖;
− for all x,y ∈ X, we have ‖x +y‖ ≤ ‖x‖ + ‖y‖ and ‖xy‖ ≤ ‖x‖ ‖y‖.
Let C : R → X be a map such that C(0) = 1 and such that for all s, t ∈ R, we have

2C(s)C(t) = C(s + t) + C(s − t).

Suppose that
sup
s ∈R

‖C(s)− 1‖ < 3
2 .

Show that C = 1.

Problem C (proposed by Hendrik Lenstra)

Let G be a finite group. Let n be the number of automorphisms σ of G such that for all x ∈ G,
the element σ (x) is conjugate to x. Show that every prime divisor of n divides the order of G.


